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Abstract

This paper develops simple guidelines for �scal policy in oil producing countries, focusing on

three issues: intergenerational oil distribution, precautionary saving, and adjustment costs. The

paper presents a framework to analyze how the revenue generated by an exhaustible source of wealth

that belongs to the government should be distributed between current and future generations. This

framework is used to show the strengths and limitations of existing answers, which motivates a new

approach for dealing with this question. The paper derives simple, closed form approximations

to the optimal level of government expenditure when an important part of government revenue is

generated by an uncertain and exhaustible natural resource such as oil. Price uncertainty, budget

uncertainty, and the (possibly asymmetric) costs of adjusting expenditure levels are considered.
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1 Introduction

Conducting appropriate �scal policy may be particularly diÆcult when a large share of government

revenue comes selling a government owned exhaustible natural resources such as oil. Large and

unpredictable uctuations in international oil prices may make the determination of appropriate

expenditure levels particularly diÆcult. In addition, since oil wealth is exhaustible, intergenera-

tional equity considerations must also be taken into account. This is the case of the oil exporting

countries where most of the government's revenue comes from oil and gas production.

This paper develops guidelines for �scal policy in countries where the government owns an

uncertain and exhaustible income stream. Figuring out optimal �scal policy is a complex exercise

that usually requires the use of numerical simulations and solutions|a black box from a policy-

making perspective with slim chances of actually being applied. In this paper we provide explicit,

closed approximations to the optimal solution of an otherwise standard problem. Our objective is

to derive a set of simple and intuitive rules that can be easily applied by policymakers.

We focus on three di�erent issues. First, we study the problem of intergenerational distribution

of state-owned exhaustible resources. For that purpose we present a framework in which the problem

can be analyzed and evaluate the strengths and limitations of existing answers. We then propose

a new approach to tackle the issue.

Second, we study the need for savings due to the uncertain nature of future income, what is

known as precautionary saving. We consider the impact of two sources of uncertainty on optimal

consumption, namely future income uncertainty and uncertainty about income during the budget

year under consideration. We propose correction factors to be applied to the certainty equivalence

solution that leave consumption close to the optimal level.

Third, we study the process of expenditure adjustment in presence of (asymmetric) quadratic

adjustment costs. Given adjustment costs we derive the speed at which adjustments should be

made. We also provide guidelines to help elicit from policymakers the size of adjustment costs.

The policy guidelines derived in this paper often call for important savings in the near future,

both due to intergenerational considerations, since wealth is front loaded, and because of precau-

tionary saving. One way of implementing these guidelines is establishing a stabilization fund. This

paper discusses how the results we develop can be used to implement a such a fund.2

Policy prescriptions for optimal government expenditure may vary considerably with the s-

tochastic process assumed for the price of oil. For this reason this paper undertakes a detailed

evaluation of the quality of out-of-sample forecasts of a large number of time series models that

have been proposed for commodity prices. We �nd that most models perform substantially worse

2A detailed discussion of this topic would constitute another paper altogether. For this reason we concentrates on

how a stabilization fund can be used to implement optimal �scal policy prescriptions.
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and none signi�cantly better than a geometric random walk where the forecast of future prices is

equal to the current price.

This paper studies �scal strategy from a normative point of view. Our purpose is to develop a set

of rules that can improve welfare assuming a particular set-up. The paper does not study problems

of �scal policy sustainability,3 since we assume throughout that the government intertemporal

budget constraint is always satis�ed, thereby ruling out Ponzi schemes.

The paper is organized as follows. Section 2 presents a framework to discuss the intergenera-

tional oil distribution problem. Section 3 discusses the intuitions behind the design of optimal �scal

policy. Section 4 evaluates two existing approaches to the problem of intergenerational distribution

and proposes a new one. Section 5 characterizes the stochastic process of oil prices. Section 6

derives policy guidelines based on precautionary saving and adjustment costs. Section 7 discusses

the role of stabilization funds. Finally, section 8 concludes.

2 Framework

In this section we provide an organizing framework to analyze the following question:

How should the revenue generated by an uncertain source of wealth that belongs to the

government, such as oil in the case of oil exporting countries, be spent and distributed

between current and future generations?

An answer to this question has important policy implications, since it brings with it a pre-

scription for optimal �scal policy, providing guidelines for managing variables such as government

de�cits, government expenditures, taxes, the current account and stabilization funds.

The standard economic framework for analyzing the normative question we are concerned with

is the following one:

(a) Choose a Social Welfare Function (SWF).

(b) Decide the set of policy instruments available to the government and the constraints it faces.

(c) Choose a set of assumptions (and constraints) for private sector behavior.

(d) Find the values of the policy instruments considered in (b) that maximize the SWF speci�ed

in (a) subject to the behavioral assumptions made in (c). We refer to this problem as the

Optimal Consumption Problem.

3See., e.g., Liuksila et al. (1994) for a discussion about �scal sustainability in oil producing countries.
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The SWF we select, the policy instruments we consider and the behavioral assumptions we

make will determine the optimal consumption path and, in doing so, the optimal �scal policy. Next

we discuss each of these choices in detail.

2.1 Social Welfare Function

Typically a SWF is a function of the instantaneous utility of consumption of current and future

generations. When specifying a SWF we specify the relative importance of current and future

consumption, and the consumption goods considered in the instantaneous utility. In doing so we

set a key ingredient to determine both how much future generations bene�t from oil wealth and

how much redistribution of private wealth across generations takes place.

2.1.1 Instantaneous Utility Function

This function, also called felicity function, measures the utility derived from consumption during a

given time period.

We assume that there are two separate consumption goods, one provided by the government

and another by the private sector. We refer to the consumption good provided by the government

as publicly provided good, or public good for short, even though for the questions at hand we do not

need to emphasize the fact that many of these goods are, to some extent, non rival in consumption.

What matters in our setting is that it has to be provided by the government, thereby providing a

rationale for taxation.

Denoting per capita consumption of these goods by cG and cP we have that the instantaneous

utility function, u, is of the form:

u = u(cG; cP ): (1)

The function u is increasing in both cG and cP , with decreasing marginal utility. Also, both

goods are complements in consumption, that is, the marginal utility of consuming the private good

increases with the level of consumption of the public good.

A standard functional form for u is the Constant Elasticity of Substitution (CES) utility func-

tion:

u(cG; cP ) =

"
c
1�
G

1� 
+ k

c
1�
P

1� 

#1=(1�)
: (2)

Where k � 0 and  > 0.4 The parameters k measures the relative importance of both consumption

goods, while 1= captures the elasticity of substitution between both goods.

4For  = 1 we may de�ne, by continuity, u(cG; cP ) = log(cG) + k log(cP ).
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For simplicity we assume that cG is determined by the government's current expenditure level.

A more realistic assumption, which we may explore in future versions of this paper, is that it also

depends on past government expenditures.5

2.1.2 Social Welfare Functions

A typical SWF (at time 0) is (the expected value of) a function of the instantaneous utilities of

present and future generations:

W = E0[W (u0; u1; u2; :::)]: (3)

Where E0 denotes the expected value, conditional on the distributions of unknown quantities (such

as future oil prices) based on information available at time t = 0 and u0, u1, u2, ... denote the

instantaneous utilities at times 0, 1, 2, ... The function W is increasing in all its arguments. It also

exhibits decreasing marginal returns in all its arguments.

The quantities u0; u1; u2; ::: in (3) may also be interpreted as the utilities of a representative

consumer in consecutive years (instead of generations).

The most commonly used SWF are the following:

Utilitarian SWF

A SWF W is utilitarian (or of the Bentham-Ramsey type) if it is a weighted sum of the utility

of present and future generations:

W (u0; u1; u2; :::) =
X
t�0

�
t
NtH(ut): (4)

The parameter � denotes the subjective discount rate. This value is close to but smaller than one;

the smaller it is, the larger the degree of impatience in the SWF.

Nt denotes the population at time t. The social welfare function grows in proportion to the

population. We will assume that Nt = (1+ n)t, so that the population grows at a constant rate n.

The function H is a standard utility function, increasing, with decreasing marginal utility. A

particularly useful case of (4) is:

H(u) = u
1��

=(1 � �); (5)

with � > 0.6 This is the Constant Elasticity of Substitution (CES) utility function: 1=� denotes

the elasticity of substitution of consumption at di�erent moments in time. Furthermore, if there is

5This requires distinguishing between government expenditures on the public good and government investments

that produce a future ow of the public good.
6If � = 1 we de�ne H(u) = log(u).
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uncertainty about future incomes, � is the coeÆcient of relative risk aversion (CRRA).

Rawlsian SWF

In this case the social welfare function to be maximized is the (expected value of the) utility of

the generation with smallest utility:

W (u0; u1; u2; :::) = E[min(u0; u1; u2; :::)]: (6)

2.1.3 Incorporating Adjustment Costs

Changes in government expenditures may have consequences that are not captured by the Social

Welfare Functions described above. A drastic reduction in government expenditures may lead

to political instability, discouraging investment and reducing future growth. A sudden increase in

government expenditures may increase the likelihood of having badly managed government projects

because of the lack of adequate supervision. It may also increase the costs of projects because of

bottlenecks in the supply of certain inputs.

The SWFs described so far can be extended to capture the e�ect mentioned above by adding

an adjustment cost to the instantaneous utility in equation (4):

W (u0; u1; u2; :::) =
X
t�0

�
t
Nt [H(ut)�A(cG;t; cG;t�1)] : (7)

Where A(cG;t; cG;t�1) captures the costs of adjusting per capita government expenditures from

cG;t�1 to cG;t.

Some possible functional forms for A are the following:

A(cG;t; cG;t�1) = k(cG;t � cG;t�1)
2
; (8)

A(cG;t; cG;t�1) = k(log(cG;t)� log(cG;t�1))
2
; (9)

A(cG;t; cG;t�1) = kmax(0; cG;t�1 � cG;t): (10)

Both (8) and (9) correspond to quadratic adjustment costs, while (10) describes the case where

only reductions in per capita government expenditures are costly. In all cases the parameter k

determines the magnitude of adjustment costs.

The examples given above assume that adjusting the consumption of the public good is costly.

If adjusting per capita levels of consumption of the private good is also costly, the adjustment cost

functions should depend on total per capita consumption.
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2.2 Policy Instruments

A variety of policy instruments may be available to governments when implementing �scal policies.

Savings and debt, taxation, investment, and stabilization funds are among those most relevant for

the problem considered in this paper.

2.2.1 Privatization

The government of an oil exporting country could consider the possibility of privatizing the state-

owned oil monopoly, as was done, for example, recently in Argentina.7 In this paper we rule out

this possibility. One reason for doing so is that the government may be unable to commit credibly

not to expropriate the privatized �rm. Yet even if oil is fully privatized, the �scal authority still

faces the problem of how to distribute the proceeds across generations. What privatization does

is reduce uncertainty with respect to initial wealth, besides likely eÆciency gains which go beyond

the scope of this paper.

Even though we do not consider privatization in the set of feasible policy instruments, we exten-

sively use the possibility of future privatization as a convenient short-cut to derive approximations

to the solution of the optimal consumption problem under uncertainty.

2.2.2 Savings

Governments can hold �nancial assets to �nance future expenditures. We denote the gross real

interest rate accrued per period for these savings by R, and assume that it is known and constant

over time.

2.2.3 Debt

Governments incur debt to �nance current consumption, investment and interest payments on

previously incurred debt. The interest paid varies over time, both due to international and local

factors. Nonetheless, interesting insights can be obtained even if the simplifying assumption of a

�xed real interest is made. This assumption is justi�ed by noting that oil prices are considerably

more volatile than interest rates. Furthermore, we ignore any di�erence between the interest rate

paid on debt and that accrued to savings, and denote both gross rates by R.

The following equation describes the evolution of government �nancial assets, when savings and

debt at a gross interest rate of R are possible:

FG;t+1 = R(FG;t + YG;t � CG;t): (11)

7It should be noted, though, that oil is not one of Argentina's main exports.
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Where FG;t denotes government �nancial assets accumulated at the beginning of period t, YG;t

denotes government income during period t (assumed to accrue at the beginning of the period),

and CG;t denotes government expenditures during period t, which are equal to private consumption

of the public good, and which are also assumed to be made at the beginning of the period.

There typically is a limit to government debt, say as a fraction of GDP. This limit may vary

over time, responding both to local and international factors. A closely related constraint which is

often mentioned is an upper limit on the current account de�cit, also as a fraction of GDP.

2.2.4 Taxes and Transfers

The government may collect taxes and may also transfer assets to its citizens.

Taxes can be used to �nance the current production of public goods, current public investments

and interest payments on government debt. For a given level of current expenditures on consump-

tion goods, the government should raise taxes (or give transfers) that help achieve the optimal

mix of the public and private consumption good. For example, if in a given year the government's

income is very high compared with the private sector's income, as could be the case for a country

rich in government owned natural resources, a government transfer to the private sector may be

needed to provide the appropriate mix of public and private consumption goods.8

Another reason for raising taxes is to transfer income across generations (intergenerational

transfers). If future generations are expected to be much better o� than the current generation, a

society may wish to subsidize current consumption by borrowing against taxes that will be paid by

future generations.

Taxes may also be used to improve the distribution of income within a generation. Since all

the models considered in this paper have one agent representing each generation, this motive will

not be considered.

Denoting taxes raised in period t by �t, and interpreting transfers as negative taxes, we have

that (11) generalizes to:

FG;t+1 = R(FG;t + YG;t + �t �CG;t): (12)

2.2.5 Government Expenditures

The government spends money to produce the public good and to �nance investments that will

enable future production of the public good. Here the \public good" can be interpreted, among

other things, as education, health and defense.

8Such transfers do happen in practice, for example, by extending the scope for government expenditures. Of

course, this is not necessarily eÆcient.
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Government expenditures face an intertemporal budget constraint, that is they must eventually

be �nanced through taxes or other sources of government income. This budget constraint, as of

period 0, states that the present value of government incomes must equal the present value of

government expenditures, that is:

FG;0 +
X
t�0

R
�t[YG;t + �t] =

X
t�0

R
�t
CG;t: (13)

2.2.6 Stabilization Funds

A stabilization fund saves and spends money with the objective of stabilizing a speci�c aggregate

variable, such as overall government expenditures or government expenditures �nanced from the

pro�ts generated by a government owned primary commodity such as oil. The fund is held in liquid

assets and incentives must be put in place to prevent the assets from being spent due to political

pressures.

A well designed stabilization fund should be closely related to the solution of a problem of

the sort posed at the beginning of this section. The savings/spending rule should be such that,

in combination with other sources of government savings/credit, it implements the optimal �scal

strategy. Furthermore, a government may value liquidity per se, in which case having a stabilization

fund may be desirable even if the government's net �nancial position is negative.

2.3 Private Sector

An important issue regarding private sector behavior is whether there is a bequest motive or not.

The assumption of no bequest motive (or, more generally, of a weak bequest motive) is implicit in

the intergenerational equity question central to this paper, for otherwise no government intervention

would be needed to ensure that future generations bene�t government owned wealth. If current

generations do not care for their descendants, the private sector will not save for future generations

and, given the opportunity to do so, will spend all the government owned wealth.9

The private sector also participates in the production of goods and services in markets which

are assumed competitive. These goods and services may be consumed locally or exported. The

private sector also has access to international �nance for investment projects within the country.

The private sector also maximizes a welfare function, which even though qualitatively similar

to the SWFs considered earlier in this section, may di�er in some fundamental ways. An important

di�erence we will encounter in most cases is that the time horizon considered by private agents is

considerably shorter than that considered by the government's SWF. This is due to our assumption

that private agents do not want to leave inheritance to their descendants.

9Strictly speaking this assumes no uncertainty about an individuals life span. If individuals do not know when

they will die, they may die with positive net assets but this e�ect is typically small and will be neglected.
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We will see in Section 4 that the interaction between the objectives posed by the government's

SWF and the private sector's behavior may lead to surprising results. For example, if it wishes,

the government may use �scal policy to have the currently alive private sector care for future

generations.

3 Intuitions

In this section we describe some simple intuitions underlying policy prescriptions for �scal policy.

As discussed in Section 4, these intuitions often follow from particular cases of the framework

presented in Section 2.

3.1 Consumption Smoothing

Individuals dislike variations in consumption and are generally willing to sacri�ce some welfare to

avoid such uctuations. For this reason, in the absence of income uncertainty, optimal �scal policy

often requires that per capita consumption levels remain constant over time. With income uncer-

tainty this intuition needs to be modi�ed, and current consumption levels are equal to permanent

income, so that, in expectations or on average consumption is constant over time (Friedman [1957]).

For example, after discovering a new exhaustible natural resources, say natural gas in Qatar,

consumption should increase by the annuity value of the corresponding increase in wealth. The

country acts as if it deposited in a bank abroad the present discounted value of the pro�ts it expects

to make from selling the natural resource, and spends every year the interest payments it receives.

Consumption should increase immediately after the natural gas is discovered, if the country can

borrow against future incomes there is no reason to wait until production begins. Thus the current

account deteriorates immediately after the discovery of natural gas and recuperates once actual

production begins.

As we shall see in Section 4, the main assumption underlying consumption smoothing in the

case without income uncertainty is that �R = 1, where we recall that � denotes the subjective

discount rate and R the gross interest rate. Even though it may be argued that in the long run �R

will be close to one, in the short and medium run (e.g., over the next couple of decades) there is no

reason why this should be the case. If �R < 1, which may be interpreted as society being relatively

impatient, per capita consumption falls over time at a constant rate. Alternatively, if �R > 1, per

capita consumption grows at a constant rate.

The extension of the consumption smoothing intuition to the case with uncertain income|

certainty equivalence|assumes that the instantaneous utility function is quadratic. This assump-

tion is popular precisely because it preserves this intuition, even though it has some unappealing
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properties, such as a degree of risk aversion that increases with consumption levels and the impli-

cation that the optimal consumption path does not depend on the variance of income.

Another intuition that follows from consumption smoothing with uncertain income is that the

government should react di�erently to transitory and permanent changes in income. A transitory

positive shock to income should increase consumption only by the annuity value of the income shock.

By contrast, a permanent increase should be met by a one-for-one reduction of consumption. For

example, the increase in the price of oil following the invasion of Kuwait by Iraq in August of 1990

was clearly transitory. By the time the oil price had returned to its pre-invasion levels (in mid

1991), the rule described above can be used to spend the windfall generated by the price increase.

More generally, if income follows an autoregressive process with �rst order correlation  , which

therefore also captures the degree of persistence of income shocks, the fraction of the current shock

to income that should be spent is (R � 1)=(R �  ).10 The case  = 0 corresponds to i.i.d. (and

therefore transitory) shocks while  = 1 corresponds to the case where income follows a random

walk (permanent shocks).

In practice it is often not easy to determine the extent to which a change in income is permanent

or transitory. Most shocks can be thought of as having both a permanent and a transitory compo-

nent. In Section 6 we review recent econometric developments that can be used to accomplish this

decomposition, concluding that a geometric random walk appears as a sensible description for the

oil price.

Furthermore, because oil is an exhaustible resource, even permanent price shocks have only a

transitory e�ect on income. The transitory component of the shock is more important the shorter

the expected duration of the resource.

3.2 Precautionary Saving

A fundamental intuition underlying savings behavior is that an increase in risk should increase

current savings and decrease current consumption. This is known as the precautionary saving

motive, see Leland (1968). The consumption smoothing intuition does not incorporate this idea,

since it prescribes that the current annuity value of expected wealth should be spent every year,

regardless of the degree of uncertainty associated with this wealth.

To capture the precautionary savings motive, we must consider more realistic instantaneous

utility functions than the quadratic case. This typically comes at the price of not having an

explicit expressions for optimal consumption,11 and numerical methods must be used to determine

the optimal plan (as in Zeldes [1989], Deaton [1991] and Carroll [1992]).

10See, for example, Flavin (1981).
11Caballero (1990) �nds a particular case where an explicit expression for optimal consumption can be derived.

Yet he assumes constant absolute risk aversion, which also has unappealing properties.
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>From a policy perspective, these numerical procedures have limited applicability. Implementing

solutions is cumbersome and the results are not as transparent as the political process requires. In

this paper we derive approximations to the optimal consumption plan that are closed-form and can

be easily interpreted. Their simplicity should be a great advantage in terms of applicability.

We consider two sources of uncertainty: the usual income uncertainty and what we call budget

uncertainty, which attempts to capture the uncertainty that governments face when designing next

year's budget. In particular, we consider the e�ect of not knowing the income level that will prevail

during the coming year. This type of uncertainty is di�erent from the one that originates the

standard precautionary savings because it focuses on the level of prices only one period ahead.12

3.3 Adjustment Costs

In the presence of adjustment costs as those described in section 2.1.3 (convex adjustment costs)

governments typically adjust their per capita expenditures slower than they would in the absence

of such costs. For example, following the discovery of gas reserves, the government should increase

its spending on the public good only slowly until it achieves its new and, in the absence of income

uctuations, constant level. The larger the adjustment costs, the slower the process by which

consumption increases and the higher the steady state level of consumption.

Below we derive a closed-form solution for a partial adjustment model in which the adjustment

coeÆcient is a function of the size of the adjustment cost (that could be asymmetric). Moreover,

we present a procedure by which this adjustment cost can be approximated.

3.4 Separability of the Investment Problem

Under the assumptions we made for the private sector, namely that there are no constraints to

international borrowing, we have that all projects with positive net present value can and will be

�nanced. Of course, this result stops holding, say, when moral hazard or adverse selection problems

limit the availability of credit for local entrepreneurs. If the government faces fewer informational

asymmetries than international lenders, there may be a role for government support of investment

projects.

3.5 Tax Smoothing

In a fundamental result, Barro (1974) provided conditions under which the optimal consumption

path does not depend on how the government �nances its expenditures (debt vs. taxes). This

result is known as Ricardian equivalence. When taxes are distorting, Ricardian equivalence does

12Of course, if producing countries sell part of their oil using future and forward contracts, the budget uncertainty

will be less important.
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not hold and all sources of �nance should be used in such a way that the marginal distortion they

introduce is the same over time and across �nancing instruments. This result is referred to as

\tax-smoothing", see, for example, Barro (1979).

4 Intergenerational Redistribution

In this section we discuss the problem of how to distribute oil wealth across generations. We analyze

the degree to which two well known approaches to optimal �scal policy correspond to particular

cases of the framework developed in Section 2 and o�er a new approach to deal with this problem.

4.1 Benchmark Model

The following model will be a useful benchmark throughout this section.

(a) Social welfare function: Utilitarian with constant elasticity of substitution across time

(1=�). The initial population is normalized to one and grows at a constant rate n. The time

horizon is in�nite and there is no income uncertainty. Then (4) becomes:

U =
1X
t=0

�
t(1 + n)tu

1��
t : (14)

The instantaneous utility has consumption of the public and private goods as separate argu-

ments and the elasticity of substitution between both consumption goods is constant (1=)

as in (2).

(b) Policy Instruments: The government is the only provider of the public good, which it �-

nances with taxes, debt and proceeds from the sales of the government owned natural resource

(oil in what follows). Oil income in period t is denoted by YG;t; it is known with certainty

and determined exogenously.

The government collects taxes and makes transfers to the private sector without generating

any distortions in doing so. The government may also save and borrow at the international

gross rate R. The only constraint it faces in setting taxes and borrowing is its intertemporal

budget constraint (13). Initially it holds �nancial assets equal to FG;0.

(c) Private Sector:

Consumers live for one period and have no bequest motive; it follows that the private sector

holds no assets or debt. Private sector production in period t is exogenous and equal to YP;t.
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Total production in period t is denoted by Yt and equal to YG;t + YP;t. In general, we denote

aggregate variables by upper case letters, and per capita variables by lower case letters.

Constant elasticity of substitution between both goods implies that in the solution to the prob-

lem posed above the ratio of their consumption levels remains constant over time (see Lemma A.1

in the Appendix):
cG;t

cP;t
= k

1=
: (15)

Denoting

ct � cG;t + cP;t

we have that ut is proportional to ct (Lemma A.1), so that we may write (14) as:

U =
X
t�0

�
t(1 + n)tc

1��
t : (16)

We denote society's initial wealth by:

W0 � F0 +
X
s�1

R
�s[YG;s + YP;s]: (17)

We de�ne:

� = (1 + n)[�R]1=�;

~� =
�

R
;

and assume ~� < 1.

In the Appendix (Proposition A.1) we show that the solution to this problem is given by:

c0 = (1� ~�)RW0; (18)

ct+1 = [�R]1=�ct: (19)

If �R = 1, the right hand side of (18) is society's permanent (total) income (Friedman, [1957]),

that is, it is the highest per capita consumption level that can be maintained inde�nitely.

Equation (15) determines how ct is split between consumption of the private and public good,

thereby determining government expenditures.

The evolution of total �nancial assets can be determined as follows: F1 is calculated using

the dynamic budget constraint (11), the expression for C0 given above and the (exogenously given)

values of F0 and Y0. The dynamic budget constraint can then be used recursively to obtain F2; F3; :::.

The current account is given by (see Proposition A.1 in the Appendix):

CAt = (2�
1

R
)(Yt �Ct) + (1�

1

R
)Ft: (20)
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The absence of bequests and the assumption that individuals live for one period imply that the

private sector will accumulate no assets. Hence FG;t = Ft and the current account surplus is equal

to the government's total (including interest receipts) surplus. Furthermore, optimal per capita

taxes, �t, are equal to:

�t = cP;t � yP;t: (21)

4.1.1 Examples

Example 4.1 (Constant Non-oil Production) We assume no population growth (n = 0), R =

1:06, �R = 1,13 and no initial �nancial assets (F0 = 0). The optimal mix of the public and private

goods requires that the former represent 20% of total consumption.
14

Initial oil production, which accrues to the government, accounts for 80% of GDP, while the

remaining 20% is produced by the private sector. Oil production remains constant (in real terms) for

25 periods, moment at which oil reserves are exhausted. Production in the non-oil sector remains

constant inde�nitely.

Figure 4.1 shows the evolution of consumption, �nancial assets (as a fraction of non-oil GDP),

and the current account (also as a fraction of non-oil GDP). The �rst two series are divided by 100

and 50, respectively. It can be seen that consumption remains constant and equal to the annuity

value of initial wealth (both from the oil and non-oil sectors). During the \boom years" of oil

production, assets are accumulated (by the government) to maintain a level of consumption above

production once oil is exhausted. During the boom years we also observe a positive and, due to

interest payments, increasing current account surplus, which turns into a constant de�cit once oil

is exhausted. Since oil revenues can �nance more than the optimal level of the public good, the

government transfers a �xed amount (not shown in the �gure) to every generation.

It is interesting to note that if �R < 1 (impatient individuals), the consumption path will be

downwards sloping instead of constant, since individuals want to consume more and save less today.

If this e�ect is large enough, there may be no initial current account surplus, as individuals spend

more than the sum of their private income and the current oil income.

Example 4.2 (Increasing Non-oil Production) Assume now that, instead of remaining cons-

tant, non-oil production grows 2% per period forever. The remaining assumptions are the same as

in the previous example.

Figure 4.2 shows the evolution of the same three variables considered in Figure 4.1, with the

same normalizing constants. It also shows the path of optimal taxes (as a fraction of non-oil GDP).

Consumption is constant, at a level 12.3% higher than in Figure 4.1, reecting the fact that non-oil

13This assumption makes the value of � irrelevant in this problem.
14This is equivalent to having k

1= = 4.
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production increases over time, instead of remaining constant, as in the case of Figure 4.1. Assets

increase during the years when oil is produced and are depleted thereafter, eventually approaching

a constant (and negative) fraction of GDP. There is an increasing current account surplus during

the boom years and a slightly decreasing current account de�cit after oil is exhausted.

In contrast with Example 4.1, in this case taxes, as a fraction of non-oil GDP, do not remain

constant. Initially the private sector receives large government transfers. These transfers decrease

steadily, and individuals must begin paying taxes in period 67. From then onwards taxes increase

signi�cantly, so as to pay back the debt incurred by the government during the oil boom.

Example 4.2 shows that the Benchmark Model (BM) may lead to signi�cant wealth transfers

from future to current generations. The government may borrow against incomes from future

generations to increase current consumption. It is interesting to note that the model has this

implication even in the absence of oil wealth, as long as per capita private sector production

increases over time. Since such large intergenerational transfers are rarely observed, this raises

the issue of whether the BM provides an adequate criterion for deciding how to spend the revenue

generated by oil production. We return to this issue in section 4.3.

4.1.2 Incorporating a Bequest Motive

The expressions derived in the BM up to equation (20) also hold when individuals have a bequest

motive. In this case the government chooses taxes and production of the public good so that private

consumption chosen by individuals corresponds to the optimal value. The only di�erence is that

now the private sector will have non-zero �nancial assets, so that optimal tax rates will di�er from

those obtained in (21). In particular, if the private sector's bequest motive is the same as the one

implicit in the Social Welfare Function, so that the problem at hand is equivalent to that of an

in�nite horizon representative agent, the path of taxes is not determined. Any path consistent

with the intertemporal budget constraint achieves optimal �scal policy (Ricardian equivalence).

Alternatively, if taxes are distortionary, tax-smoothing considerations will imply a unique optimal

path for taxes.

4.2 Permanent Oil Income Model

The BM prescribes that permanent total income should be constant over time. Since this may lead

to large wealth transfers across generations, it may be better to focus on permanent oil income

instead:

\Because most export revenue from oil and natural gas accrues to the public sector,

the central government usually decides through the budgetary process how much of this
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revenue will be saved and consumed. To make this decision based on intergenerational

equity considerations, it is necessary to determine the permanent rent available from

hydrocarbon exploitation. This rent represents the level of public consumption that can

be currently enjoyed without increasing the country's debt and depleting its wealth."
15

This approach can be rationalized within the framework of Section 2 as follows:

(a) Social welfare function: The di�erence with the BM is that the instantaneous utility func-

tion only depends on consumption of the public good.16

(b) Policy Instruments: The di�erence with the BM is that the government cannot collect taxes.

(c) Private Sector: The private sector does not appear, at least explicitly, in the problem.

The Permanent Oil Income Model (POIM) considers the problem of spending the government

owned oil as if it were totally unrelated to the private sector's consumption of private goods. The

solution to the problem is obtained by substituting total initial government wealth for total wealth

in (17):

WG;0 � FG;0 +
X
s�0

R
�s
YG;s: (22)

We then have:

CG;0 = (1� ~�)RWG;0; (23)

cG;t+1 = [�R]1=�cG;t: (24)

If �R = 1, the right hand side of (23) (divided by period 1 population) is permanent oil

income, that is, the highest per capita consumption level from oil resources that can be maintained

inde�nitely, thereby justifying the name of the model.

The POIM can be used to rationalize the often mentioned criterion of intergenerational fairness

according to which oil wealth (either in absolute or per capita terms) should be kept constant.

Equations (23) and (24) imply that per capita government wealth, which in this model corresponds

to oil wealth, remains constant along the optimal consumption path only if �R = 1.17 If �R < 1,

it is optimal for society to deplete oil wealth as time goes by. It also follows from (23) and (24)

that total oil wealth remains constant along the optimal consumption path only if �R(1 +n)� = 1.

If n > 0 this requires a relatively impatient society, since �R < 1.

15Quoted from Fasano (1999, p. 1).
16That is, it corresponds to the particular case of (2) where k = 0.
17To derive this result evaluate (23) at t and t + 1, instead of t = 0, and equate the corresponding ratio to that

obtained from (24).
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An advantage of the POIM, compared with the BM, is that it avoids intergenerational wealth

transfers of non-oil assets. It does so by assuming that private income and consumption of the pri-

vate good do not interact at all with the government's income and consumption of the public good.

Next we present two unattractive consequences of this limitation, one that can be accommodated

with a straightforward extension of the model and one that cannot.

A �rst limitation is that the mix of privately and publicly produced goods will usually be

suboptimal. The optimal path of the POIM determines the level of consumption of the public good

without taking account of consumption of the private good chosen by consumers. This objection

can be accommodated by assuming that consumers live for one period and have no bequest motive,

and introducing a limited role for taxation: in every period the government sets taxes/transfers

so as to ensure that the optimal mix of the public and private consumption goods is provided.

That is, if we denote by ĈG;t the consumption of the public good derived from the POIM, total

consumption during period t will satisfy:

Ct = ĈG;t + YP;t;

where we have used the fact that consumers do not save.

A second example of the limitations of the POIM is illustrated by the following example. Assume

that private income and oil income are perfectly negatively correlated.18 When oil income is high,

private income is low and viceversa, so that total income (GDP) remains constant over time.

Consumers live one period and do not save. The (certainty-equivalence version of the) POIM

implies that only consumption of the public good will be smoothed out over time, so that total

consumption will be high in years with high private income and low in years with low private

income. Even though this is the optimal solution within this framework, common sense suggests

that all generations would be better o� if the government smoothed total consumption. Before

knowing whether oil income or private income will be high during their lifetime, a generation

prefers receiving its total permanent income for sure to receiving the sum of permanent oil income

and private income. Also note that the private sector cannot mitigate this limitation since, having

ruled out taxation for intergenerational purposes, improvements of the sort described above are

not possible. We conclude that in this example there exists a consumption path that is better (as

measured by the BM) for all generations than the solution from the POIM. Furthermore, ex-ante,

this improvement involves no intergenerational transfers on average.

4.2.1 Examples

Example 4.3 (Constant Non-oil Production) We solve the POIM under the parameter values

of Example 4.1. Since non-oil income is constant over time, the solution to the BM does not require

18This example is used to make a point, the assumptions do not hold in practice but the validity of the point does.
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intergenerational wealth transfers. It follows that the solution to the POIM is the same as that of

the BM. Disregarding consumption of the private good when choosing the optimal consumption path

is of no consequence in this case.

The equivalence between both optimal paths breaks down if we assume �R < 1. In this case,

the increasing consumption path prescribed by the BM will be steeper than the one prescribed by the

POIM.

Example 4.4 (Increasing Non-oil Production) We modify the previous example by assuming

that non-oil GDP grows at 2% per period. Optimal consumption of the public good is constant

and total consumption increases over time at the same speed as private income. The optimal con-

sumption path is the path of private income shifted by the permanent oil income. The optimal

consumption path di�ers signi�cantly from that obtained in Example 4.2. The government accu-

mulates �nancial assets while oil is extracted, but asset accumulation is considerably less than in

the solution to the BM, since the government is not allowed to use taxes to make intergenerational

wealth transfers.

It follows from both examples above that if oil wealth is front loaded and individuals are not very

impatient, the country should save part of the resource proceeds. The counterpart of these savings

is a persistent �scal and current account surplus for some time. This is the main conclusion in Alier

and Kaufman (1999), who work with a model that has the SWF of the Benchmark Model but assume

constant and exogenous taxes, thereby avoiding intergenerational wealth redistribution. The latter

assumption makes their problem equivalent to our POIM, with identical policy prescriptions and

limitations.19

4.3 A New Approach

Both models discussed in the previous subsections have serious shortcomings. The Benchmark

Model allows for intergenerational wealth transfers which we do not observe even in the absence

of oil wealth. On the other hand, the POIM avoids intergenerational transfers by ruling out

government policies that bene�t all generations (as viewed from the BM). The Benchmark Model's

SWF is more appealing than that of the POIM, since individuals bene�t both from consumption of

the private and public goods. Regarding instruments, the BM has more than we would like, while

the POIM eliminates unattractive instruments (intergenerational wealth transfers) at the cost of

ruling out appealing policy alternatives.

The challenge therefore is to limit the policy instruments available to the government in the

BM in such a way that the attractive properties of both models can be recovered. We propose

19Their generations live for two periods, yet no additional insight is gained from this assumption. Also, the mix of

public and private good provided is typically not optimal.
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the following approach. Add to the BM the restriction that no generation can be worse o� than it

would have been in the absence of oil wealth, where the counterfactual with no oil wealth should

be determined by positive considerations.

The approach we propose, which we describe as conditionally normative, does not undo what

society would have done in the absence of oil. Instead it spreads the wealth of oil across generations

optimally, not by giving every generation the same amount of the public good, as in the simplest

POIM, but by choosing among all possible policies that are Pareto improving, the one that increase

the SWF the most. The additional constraint imposed by the Conditionally Normative Model

(CNM) on the BM ensures that no intergenerational transfers of non-oil related wealth take place

while allowing for an eÆcient allocation of oil wealth.

Denote instantaneous utility in period t by ut, and instantaneous utility in the absence of oil

income by u�t . Applying the CNM in period 1 requires choosing a among all possible consumption

paths that satisfy u(ct) � u
�

t , t � 0, the one that maximizes the SWF considered in the BM.

If there is income uncertainty, then the constraint becomes E0[u(ct)] � E0[u
�

t ], where E0 denotes

expectations based on information available in period 0.

4.3.1 Examples

We consider three examples to illustrate the CNM.

Example 4.5 (Constant Non-Oil Income) Assume that non-oil GDP remains constant over

time and �R = 1 (see Example 4.1). In this case the three approaches considered in this paper, the

BM, the POIM and the CNM, imply the same constant path for consumption.

Almost any departure from the simple case described above will result in di�erent consumption

paths for the three models. The following two examples consider changes in future non-oil income.

Example 4.6 (Increasing Non-Oil Income) Figure 4.3 shows the consumption path associated

with the three models when non-oil income grows 2% per period, for the �rst 50 periods, and remains

constant thereafter.
20

Optimal (total) consumption in the BM is constant. In the POIM it grows

together with non-oil income, the di�erence between both series being equal to the annuity value of

oil wealth. Optimal consumption in the CNM is constant during the �rst 18 periods and follows the

path of non-oil income thereafter.

Compared with the POIM, those living in the �rst 12 periods are better o� under the CNM while

those living thereafter are worse o�. Since marginal utility of consumption in the absence of oil is

higher during the initial periods, the CNM spreads the oil wealth among those living in these periods.

20The remaining parameter values are: R = 1:04, �R = 1, n = 0, oil wealth is 100 and initial non-oil income is 30.
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Those that bene�t the most are those that would have been poorest without oil wealth|generations

that expected relatively high private incomes do not bene�t at all.

Example 4.7 (Decreasing Non-Oil Income) Figure 4.4 shows what happens when non-oil in-

come decreases by 2% during the �rst 50 periods, and remains constant thereafter.
21

The behavior

of the optimal consumption path in the BM and POIM are qualitatively similar to those described in

the previous example. In the case of the CNM, optimal consumption decreases initially, being equal

to non-oil income during this phase. Eventually (period 13 in the �gure) it stops decreasing and

remains constant thereafter. By contrast with Example 4.6, in this case the optimal consumption

path of the CNM is �scally more conservative than that of the POIM. It prescribes not spending oil

related wealth during early years, saving it to help those who expect to be worse o� in the future.

Only in period 13 the CNM recommends to begin spending oil wealth to help maintain the highest

consumption level compatible with the restriction of not leaving any generation worse o� than it

would have been without oil. It is also interesting to note that in this example the consumption path

of the Benchmark Model is the one that is most conservative from a �scal point of view. It taxes

heavily the initial generations to �nance a constant level of consumption for everybody.

The following general result for the optimal consumption path under CNM is presented in

the Appendix (Propositon A.2). It assumes no income uncertainty and �R = 1. Under these

assumptions, the optimal consumption path for the CNM can be found as follows: First, the

generations are ordered according to their utility in the non-oil scenario. Next, oil wealth is used

to raise the income of the poorest generation until it equals that of the second poorest. If this does

not exhaust the oil wealth, the income of the two poorest generations is raised until it equals that

of the third poorest. And so on until no oil wealth remains to be distributed. If oil wealth is large

enough so that the income of all generations can be brought to the level of the richest generation

(in the scenario without oil), the constraint that di�erentiates the CNM from the BM is not be

binding and both optimal consumption paths are the same (constant, equal to the annuity value

of total wealth). Otherwise, the richest generations do not bene�t from the oil wealth.

5 Oil Related Uncertainty

Characterizing the stochastic process that oil prices follow and evaluating the possibility of forecast-

ing them are key ingredients when designing optimal �scal policy rules for oil producing countries.

For instance, recommendations regarding both the decision to adjust or �nance a given price (terms

of trade) shock and the design of an optimal oil stabilization fund depend of what is expected to

happen with future prices, including their distribution. If each and every shock is regarded as

21The remaining parameter values are those of Figure 4.3.
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having permanent e�ects and there are no adjustment costs in �scal policy, then countries should

completely lean towards adjustment. This section analyzes the ability of time series models to fore-

cast future oil prices. We exclude large structural models both because replicating out-of-sample

forecasts often is impossible and because their forecasting ability typically is worse than that of

time series models.22

Before presenting and discussing results we mention an important limitation of this section.

What matters for �scal planning is government income uncertainty, which corresponds closely to

oil income uncertainty in the cases considered in this paper. Since this chapter considers price

uncertainty, we are implicitly assuming a constant rate of extraction (given by OPEC). In reality

the correlation between oil production and oil prices is likely to be negative, so that we may be

overestimating the importance of shocks. Unfortunately, we do not have enough data on non-oil

income to work with this variable directly (and the data we have show strange patterns).

5.1 Previous Literature

In this subsection we present a short review of the recent literature of oil price forecasts based

on time-series models. It is understood throughout that models under consideration are for the

logarithm of the oil price.

The benchmark model to forecast oil prices (as well as other commodity prices) at medium

run horizons, say 1 or 2 years, is a random walk, with and without drift. In this case the best

prediction of future prices is the spot price (probably plus a drift). Furthermore, every shock to

prices is permanent, a�ecting all expected future prices. The intuition for having this simple process

follows from thinking about oil as an asset. Arbitrage prevents the existence of predictable price

jumps for they o�er an opportunity of making (potentially) unlimited pro�ts. A drift reects a

�xed broad opportunity cost of maintaining the asset.23

The idea that oil prices follow a random walk, however, is at odds with the presumption that

production of both oil and its substitutes should increase at higher oil prices. At the same time, oil

production should decrease if prices are below marginal costs. By contrast, if prices follow a random

walk, they could increase without bound and/or approach arbitrarily close to zero.24 Despite this

notion, it is not easy to reject the random walk hypothesis. Researchers have either used extremely

long samples to �nd mean reversion or have had to resort to less standard approaches, where by

\standard approaches" we mean the Augmented Dickey-Fuller (ADF) and Phillips-Perron (PP)

tests.

22See Powell (1990) and Pindyck (1999).
23This opportunity cost could be negative if there is a low storage cost, a low real interest rate and good business

opportunities for those who have oil in storage (convenience yield).
24Furthermore, it can be shown that, with probability one, they eventually do one of the two.
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For example, with several years of data, Videgaray (1998) �nds mean reversion after allowing

for a structural break in 1973.25 Pindyck (1999) rejects the random walk null hypothesis using an

ADF unit root test only after considering more than 70 years of data. Interestingly, he concludes

that even with 120 years of data, permanent shocks do exist (although their size is considerably

smaller than that of the transitory shocks). Finally, Bessembinder et al. (1995) �nd evidence of

mean reversion using the future prices term structure.

The diÆculty in rejecting the random walk hypothesis has led to more sophisticated models to

describe oil prices. Rather than assuming reversion to a constant trend, Pindyck (1999) proposes

a model in which both the constant and the trend are, in turn, non observable mean reverting

stochastic processes. He estimates this model with a long sample of annual data using a Kalman

Filter, and predicts prices 20 years ahead. Although no formal tests are provided, the forecasts

appear to be better than those of a �xed trend AR(1) process. Of course, there is always the question

of whether it is valid to use pre 1973 data to forecast future prices given the large structural break

that took place at that time.

Schwartz (1997) also presents Kalman Filter estimates and formally compares the forecast

capability of three alternative models for future and forward prices using high frequency data

spanning 11 years. He considers a one factor model in which the (logarithm of the) oil price follows

an AR(1) process, a two factor model in which the convenience yield is stochastic, and a three

factor model in which a stochastic interest rate is also included. The estimation procedure he uses

takes into account that the spot price, the convenience yield and the interest rate are not perfectly

observable|thus the need of the Kalman Filter. The results he obtains indicate that including a

second factor (the convenience yield) improves substantially the forecast capability of the model.

A simple random walk, an AR(1), and the models presented in Pindyck (1999) and Schwartz

(1997) can be thought of as special cases of the following model:

pt = �t + ÆtTrendt +  tpt�1 + "t

where pt is the log of the real oil price, �t, Æt and  t are possibly stochastic parameters, Trendt is

a time trend and "t is a stochastic stationary shock.

A random walk with drift assumes �t constant, Æt = 0, and  t = 1 (as well as " white noise).

An AR(1) assumes a constant �t, a constant  t < 1 and (possibly) a positive Æt.

More interestingly, Pindyck (1999) considers that both �t and Æt follow unobservable AR(1)

stochastic processes with uncorrelated innovations. These processes are meant to represent reduced

forms for the e�ects of demand, cost of extraction and available reserves shocks. Prices then would

revert to a changing trend (level). Also, Schwartz (1997) considers the possibility that in his two

25He uses the Perron (1989) test which basically augments the standard Augmented Dickey-Fuller test to take into

account structural breaks in levels and/or slope of a series.
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factor model  t follows a stochastic process (possibly mean reverting) with innovations that can be

correlated with innovations of the current spot price. The economic interpretation of this model

is that the convenience yield follows a process itself. The intuition for why this variable a�ects

current spot prices is simple: If oil represents an asset, then the current and future spot prices are

linked through the current interest rate, storage costs and the convenience yield. Thus, for a given

future spot price, a higher convenience yield will increase the current spot price.

We will use these alternative models below to evaluate the extent to which oil prices can be

forecast.

5.2 Revisiting the Random Walk Hypothesis

A key issue that we face is the question of to what extent future oil price changes can be predicted.

In one extreme, it is possible to think that oil prices follow a simple random walk. If that were

the case, then the best prediction for all future periods is the current value, while the standard

deviation of this prediction grows linearly with time. In the other extreme, one could think of

oil prices following a stationary process, where it is possible to forecast future prices with greater

precision.

In order to evaluate the forecastability of oil prices we present below three group of tests: stan-

dard ADF and PP, Variance Ratio, and non-linear adjustment. In all cases we consider quarterly

observations of the log of the real price of Brent oil (using the US WPI as the deator).

5.2.1 ADF and PP Tests

Augmented Dickey-Fuller and Phillips-Perron tests are the standard procedures to evaluate whether

a series follows a stationary process. Intuitively, these tests measure the strength of the forces that

tend to move the series back to a constant trend after su�ering a shock. If the strength of these

forces is low, then one concludes that the process is non stationary (that there is no mean reversion).

Table 5.1 presents the results for three alternative samples of quarterly data: 1957.I{1999.II,

1974.I{1999.II, and 1986.I{1999.II, and two speci�cations with and without trend. The test shows

that when the larger sample is considered, the process appears to be non stationary. In contrast,

the shorter samples, particularly 1986.I{1999.II, suggest a stationary process.

This evidence shows that when one excludes large changes in regime, oil prices appear to be

stationary. However, when these regime shifts are considered, price shocks tend to have relevant

permanent e�ects. In terms of forecastability, these results show that assuming a stationary process

is a valid procedure as long as one assumes that the current regime will prevail with probability

one. More generally, however, one could improve the forecast by considering and modeling the

transitory or permanent components of a shock.
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5.2.2 Variance Ratio Test

The second type of test we consider to evaluate whether oil prices follow a non-stationary process

is the Variance-Ratio (VR) Test. This test makes use of the linearly increasing volatility of a non-

stationary process and evaluates whether the standard deviation measured at di�erent horizons

increases as predicted under the null of random walk. Furthermore, it gives a measure of the

relative importance of transitory and permanent shocks.

In particular, the VR test calculates a statistic J(s), s = 1; 2; :::; S that has the following

properties.26 As the sample size becomes large and s increases the ratio J(s)=s should converge to

zero if the true process is stationary. If it does not converge to zero the process is non-stationary.

Moreover, the value to which J(s) converges represents the standard error for long term forecasts.

These properties hold as long as the sample size is large and s is considerably smaller than this

sample size.

Figures 5.1 and 5.2 present the results of VR tests for the log of the oil price for two samples:

1957.I{1998.IV and 1974.I{1998.IV. In both cases the statistic J(s)=s does not converge to zero,

showing that the shocks to the true process probably have some permanent e�ects. The size of

these e�ects appears clearly smaller than the standard deviation of the innovations of a simple

random walk estimated for each sample. This fact shows that shocks also have some transitory

e�ects on prices, suggesting that it should be possible to do better, in terms of forecasting, than

with a random walk.

One important limitation of these results is that the sample sizes we consider are not very large

compared to s. In order to evaluate how this issue may a�ect the results the �gures also present

the results of a Montecarlo experiment considering a sample of equal size to what we consider in

the calculations. These Montecarlo experiments are based on 1000 replications of a process that

has the same standard deviation and parameters as the true data.

The results of these experiments show that, indeed, the small sample a�ects the performance of

the test (for the sample sizes we consider). The statistic J(s)=s for a true random walk decreases

instead of converging to a at value. At the same time, a true AR(1) does not converge to zero for

the values of s we consider (although it does not converge to a positive value either). These results,

however, do not change our general interpretation of the process. Because the sample statistic

decreases faster than for the random walk, we conclude that shocks do not have full permanent

e�ects. And because it tends to converge to a positive value, we conclude that shocks do not have

transitory e�ects only.

26See Hamilton (1994) for further details.
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5.2.3 Non-linear Adjustment

One potential explanation for �nding evidence of non-stationarity when the true process is actually

stationary is the existence of non-linearities in the adjustment process. It could be the case, for

example, that oil prices follow a random walk within certain range. Outside this range, however,

there could be forces that bring oil prices back. The intuition that prices cannot permanently be

below marginal costs and that above certain threshold oil substitutes enter the market is in line

with this interpretation.

More generally, oil prices may be viewed as the sum of two processes, with the relative impor-

tance of both processes dependent on the price level. Prices follow a unit root or even an explosive

process for small deviations from a stationary trend, but the process becomes mean-reverting for

large deviations. This is the case, for example, of exponential and logistic smooth-transition au-

toregressive (ESTAR and LSTAR) models. In this case it is assumed that mean-revering forces

appear gradually as the actual oil price deviates from its long run equilibrium value.27 Threshold

autoregressive models (TAR) are another type of models in which the transition from unit-root to

mean-reverting occurs suddenly at a �xed threshold.

In order to test the hypothesis of linearity in the oil price process we follow the procedures

described in Michael et al. (1997). In particular, we test the null hypothesis of linearity against a

smooth-transition model by using OLS to estimate the model:

pt = �00 +
kX
j=1

(�0jpt�j + �1jpt�jpt�d + �2jpt�jp
2
t�d) + "t

for alternative values of d. The null hypothesis is �1j = �2j = 0 (j = 1; :::; k). Linear adjustment

is rejected if for any of the values of d the p-value of this test is insigni�cant.

Table 5.2 presents the p-values that result from testing the null hypothesis of linearity of log

real oil prices using di�erent samples and three alternatives values for d. It also shows the value of

k, the lags required to have white-noise innovations in each case. The results show that the linear

adjustment hypothesis is rejected only in the sample 1974-1999 using k = d = 1. We �nd one

rejection in three as relatively weak evidence in favor of non-linear adjustments. In what follows

we focus mainly on linear models, but keep as a competing alternative the non-linear model with

d = 1.

5.3 Evaluation of Alternative Models

The usefulness of a forecasting model has to be measured out of sample. Ultimately it is the

ability to forecast future unknown prices that should discriminate among competing models. In

27See Michael et al. (1997) for an application to non-linear adjustment of real exchange rates towards PPP values.
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this subsection we evaluate the out of sample forecast capabilities of 12 alternative linear models,

a non-linear model, market future prices, and market forecasts.

We consider two alternative samples, one starting in 1974 and the other starting in 1986, and

calculate the root mean square error (RMSE) of forecasts at 1 and 2 year horizons proceeding as

follows. We estimate repeatedly each model using quarterly data (and weekly data in one case)

ending in the second quarter of the years 1994 to 1998 and forecast out of the estimating sample.

Then we compute the RMSE using the forecast errors at 1 and 2 years horizons. For each model

we have 5 one-year ahead and 4 two-year ahead forecast errors.

The linear models we consider (for the logarithm of the real price of oil) are the following:

1. A random walk without drift.

2. A random walk with drift.

3. An ARIMA(2,1,2). This model is the equivalent of a random walk augmented by a stationary

process for the error term "t.

4. Same as above with a dummy variable that take the value 1 during the invasion of Kuwait in

1991.

5. An AR(1) without drift (assuming that the process is stationary).

6. The permanent value of a Beveridge and Nelson decomposition of the series.28

Models 7 through 11 consider an AR(1) model with stochastic �rst-order autocorrelation,  t,

which is estimated using the Kalman Filter. The models di�er in the assumptions they make on

the process followed by  t and whether they include a linear trend or not for the price process.

7. The price process has no trend and  t follows a random walk with innovations orthogonal to

those of the price process.

8. As 7 but with a trend in the price process.

9. The price process has no trend and  t follows an AR(1) process with innovations that are

orthogonal to oil price innovations (this model resembles model 2 of Schwartz, 1997).

10. As 9 but with a trend in the price process.

28The Beveridge and Nelson decomposition identi�es that permanent component of a series as the long run value

at which the series would tend if there are no further shocks. It predicts future prices using a rolling ARIMA model

([2,1,2] in this case).
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11. Both the constant and the trend parameters of the price process follow AR(1) processes with

innovations that are orthogonal to oil price innovations and between them (this model is

based on Pindyck, 1999).

12. As 7 but using weekly data to estimate the model (this model is based on Schwartz, 1997).

The forecast is also weekly and we average the forecasts to calculate MRSEs. The data we

consider in this model is slightly di�erent because prices are not deated.

We also consider three other forecasts in the out-of-sample evaluation. We estimate repeatedly

the non-linear ESTAR model discussed above with the same quarterly data and forecast prices one

and two year ahead using the estimated model. Finally, we consider the one-year ahead future price

from Bloomberg (for June delivery) and the average surveyed one year ahead forecast informed by

the June issue of Consensus Forecast.29

Table 5.3 presents the results of this exercise. Notwithstanding the fact that the RMSE are

calculated with small samples, the results show that more sophisticated models do not have a better

out-of-sample performance. Indeed, the models with stochastic autoregressive parameter are clearly

outperformed by a simple random walk. The model with stochastic trend and constant appear to

be as good as the random walk. Overall, only the ARIMA models (with and without dummies

for the Kuwait invasion) appear to perform somewhat better than the random walk without drift.

When we use the longer sample to estimate each model the best performance corresponds to the

ARIMA model without dummies. For the short sample the best performance corresponds to the

ARIMA model with dummies. Yet if we consider both samples jointly, it is hard to argue than any

model does signi�cantly better than the random walk without drift.30 Furthermore, this model

appears to be only marginally less accurate than surveyed forecasts.

6 Precautionary Saving and Adjustment Costs

In this section we present some useful approximations to the optimal consumption plan explicitly

considering that future income is uncertain and that there are adjustment costs. In order to

simplify matters we consider one issue at a time and a setup in which in absence of uncertainty

and adjustment costs, the POIM is a correct description of the problem. This description also

corresponds to the BM and the CNM when �R = 1 and non-oil GDP is constant in per capita

terms. Furthermore, given the results of section 5, we consider as our baseline case that oil price

follows a geometric random walk. In the appendix we present the approximations for the AR(1)

case.

29In the latter two cases prices are nominal and refer to West Texas prices.
30We also calculated the RMSE of 5-year-ahead forecasts using samples that ended in 1991 Q2 for both a .random

walk and a AR(1) process. The results (not reported) show a smaller RMSE for the random walk.
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6.1 Income and Budget Uncertainty

Income uncertainty|the risk about future income realizations|can be incorporated easily into

consumption models. If the instantaneous utility is quadratic, we have certainty-equivalence, and

the results obtained in Section 4.2 need to be modi�ed only slightly. For example, equations (18)

and (19) become:

c0 = (1� ~�)REo[W0]; (25)

Et[ct+1] = [�R]ct; (26)

where Et denotes expectations based on information available in period t. That is, all that changes

is that uncertain quantities are replaced by their expected values. Of course, as mentioned in

Section 3.2, this solution has the awkward property that current savings do not depend on the

variance of future income.

In the more appealing case of a CES instantaneous utility, there does not exist a simple ex-

pression for c0. The solution has to be found resorting to numerical methods. We propose instead

an approximation to the optimal solution that is transparent and easily implementable. Of course,

because it is an approximation it does not correspond exactly to the optimal solution.

Our procedure is based on a counterfactual experiment in which consumption decisions are

made knowing that oil risk is diversi�ed away in the near future, say that the oil industry will be

privatized. This procedure allows us to simplify the consumption problem by collapsing all future

periods in a single period and treating the overall problem as a two-period problem. Furthermore,

assuming that the variance of oil price shocks is small, we can write a closed-form solution for

consumption as a function of that variance and initial conditions.

More precisely, consider the period t optimal consumption decision knowing that the oil industry

will be privatized in period t+1. Because in period t+1 all income uncertainty is resolved, from that

moment onwards the consumption problem is trivial: under the assumption �R = 1 the solution

is to consume the sum of the annuity values of the privatization proceeds and the �nancial assets

available at that time. Assume, further, that oil risk is fully diversi�able in the world economy,

so that the privatization proceeds equal the expected NPV of oil GDP conditional of the oil price

observed in t+ 1. As of period t, the privatization proceeds is a random variable that depends on

the oil price process. Moreover, it depends on the expected path of future oil prices.

Consider now the comparison of the optimal consumption decision of period t, knowing the

oil price of that period, both under certainty equivalence (CE) and the optimal consumption level

(given the actual volatility of the price process). The plan under CE corresponds to the POIM

solution. The di�erence between the two consumption levels measures the precautionary savings

motive.
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So far we have assumed that period t oil prices are known at the beginning of the period, when

consumption decisions are taken. However, when deciding next year's budget, policymakers do

not know the level of oil prices that will �nally prevail. This information problem corresponds to

budget uncertainty. Although it is closely related to income uncertainty, it represents a di�erent

source of uncertainty. In order to derive closed-form solutions for the e�ects of budget uncertainty

we consider that at the moment of writing the budget the price of oil at time 0, P0, is not known

but assumed to follow a log-normal distribution with known mean and variance. This distribution

captures all the information available to the government about the price of oil during the budget

year being considered. Only from period 1 onwards does the (real) price of oil follows a geometric

random walk with drift. The possibility of setting the parameters for the initial price allows us to

depart from the pure random walk assumption, thereby allowing the incorporation of some degree

of mean reversion.

Besides the counterfactual experiment of privatizing, we use approximations to obtain closed-

form solutions for consumption. In particular, we consider a �rst order Taylor approximation

around the case in which the variances of both shocks to future prices and the current year (budget

year) price are zero.

6.1.1 Correction Factors

Assume that oil prices follow the process:

logPt = a+  (log Pt�1) + vt (27)

where a=(1� ) represents the unconditional expectation of logP if  < 1 or the drift of the process

if  = 1, and vt is an i.i.d. zero Normal shock with variance �2v . Assume further that oil production

starts at a level Q0, growths at a constant rate g, and lasts for T periods, when the resource is

exhausted.31

Then production at time t is:

Qt =

8<
: Q0(1 + g)t if t � T

0 if t � T + 1;
(28)

while period t income, Yt, is given by PtQt.

Moreover, assume that the initial price P0 is unknown when the government has to determine

its initial consumption. In particular, P0 has mean �P;0 and variance �2P;0. Thus, initial income Y0

31Given initial reserves ~Q0, initial extraction Q0, and growth rate g, the duration of the resource is

T =
log(1 + g +Q0)=Q0

log(1 + g)
:
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has mean �0 = �P;0Q0 and variance �20 = �
2
P;0Q

2
0. Finally, assume that initial population is N0 and

growths at rate n.

Denote by c0(�
2
v ; �

2
0) the optimal period 0 per capita consumption level considering both types

of uncertainty.32 In the Appendix (Lemma B.1) we show that if �2v and �
2
0 are small, this solution

can be approximated by:

c0(�
2
0 ; �

2
v) ' [1��BU ��IU ] c0(0; 0); (29)

with

�BU = �

c
1(0; 0)

c0(0; 0)
�
2
0 ;

�IU = �

c
2(0; 0)

c0(0; 0)
�
2
v :

Where c0(0; 0) is initial consumption if there were no uncertainty and the superscripts denote

derivatives with respect to argument j (j = 1; 2).

In general, both correction factors comprise two components. One captures the precautionary

motive and, as expected, is positive, so that resulting consumption is smaller than it would have

been in the absence of this motive. The second component corresponds to an income e�ect due

changes in initial wealth associated with variations in �0 and �v. For example, if the price of oil

follows a geometric random walk and the mean of the innovations vt does not vary with �v, the

present discounted value of oil income grows with �v at a rate
1
2
�
2
v . On the other hand, if the drift

of the random walk �1
2
�
2
v the negative drift cancels the e�ect of volatility on wealth and there is no

income e�ect. Choosing between both alternatives is equivalent to deciding whether Et[Pt+1] = Pt

or Et[logPt+1] = logPt, both cannot hold due to Jensen's inequality. Since forecasts based on the

former are more precise and income e�ects can be much larger than what common sense would

suggest,33 we ignore income e�ects in what follows.34

De�ne ' as the present discounted value of future income
PT�1
t=0 �

t
Yt+1. In the appendix we

show that the correction factors �BU and �IU are given by:

�BU =
1

2
(1 + �)

�(r � n)2

(1 + n)N2
0 c0(0; 0)

2

@Var0 (Y0 + E1['])

@�20

�����
�v=�0=0

�
2
0 ;

�IU =
1

2
(1 + �)

�
3(r � n)2

(1 + n)N2
0 c0(0; 0)

2

@Var0 (Y0 + E1['])

@�2v

�����
�v=�0=0

�
2
v :

Where � is the coeÆcient of relative risk aversion. Both correction factors are proportional to the

coeÆcient of relative prudence, 1 + �.35

32
c0 also depends on �0 and F0, but since these parameters remain constant in what follow they are omitted.

33Consumption after applying the correction factors cam be much larger than under certainty equivalence!
34Expressions that include the income e�ect may be found in Proposition B.1 in the Appendix.
35See Kimball (1990).
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The expression c0(0; 0) that appears in both correction factors corresponds to optimal consump-

tion when there is no income uncertainty and is therefore calculated using consumption smoothing.

Since c0(0; 0) is increasing in F0 we shall have that both correction factors are decreasing in initial

�nancial assets.

In the case of a geometric random walk the correction factors can be written as follows (Propo-

sition B.2 in the Appendix considers the case where  < 1):

�BU =
1

2
(1 + �)

R

(1 + n)

�
1 +

1� �(1 + g)

1� �T+1(1 + g)T+1

�
F0

�0

���2
CV

2
0 ;

�IU =
1

2
(1 + �)

�(1 + g)2

(1 + n)

(
1� f�(1 + g)gT

[1� �(1 + g)]F0�0 + 1� f�(1 + g)gT+1

)2

�
2
v ;

where CV2
0 = �

2
P;0=�

2
P;0.

If next year's budget were written knowing the price of oil on December 31st of this year, and

all income uncertainty were summarized by the assumption that the price of oil follows a geometric

random walk, we would have CV0 = �v. The fact that budgets are written some months before

December suggests that CV0 > �V . On the other hand, selling a signi�cant fraction of next year's

oil production in futures markets reduces CV0. It follows that assuming CV0 = �V provides a

convenient benchmark for practical applications.

6.1.2 Examples

In order to evaluate the importance of precautionary savings in the context of oil producing coun-

tries we present four examples. The �rst one presents a baseline case. The other three present

comparative statics.

Example 6.1 (Precautionary Saving Correction Factors) We assume no population growth

(n = 0), one inhabitant, no output growth (g = 0), R = 1:05, �R = 1, � = 3, Q0 = 100, �P0 = 25,

�v = 0:25, �P;0 = 6:25, T = 50, and F0 = 2; 500 (equivalent to one year of production).

With these parameters the results are as follows. From an income of 2,500, the certainty equiva-

lence consumption is 2,411. The correction factors due to precautionary motives are �BU = 11:9%

and �IU = 10:7%. Thus, optimal consumption is 1,868.

Given the role of volatility in the solutions proposed, the correction factors increase linearly

with the variance of the shocks to the price process. Thus, precautionary saving increases at rate

0.5 with volatility.

Example 6.2 (Precautionary Saving and Shocks Persistence) Figure 6.1 shows the correc-

tion factors �BU and �IU for di�erent levels of the AR(1) coeÆcient of the oil price process and
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the parameters of the baseline example. In this case  ranges from 0.9 to 1. When  < 1 we use

the formulae described in the Appendix. In all these cases we disregard any income e�ects arising

from volatility by directly applying the correction factors to the zero variance consumption.

The results show that precautionary saving increases sharply with the persistence of shocks.

When  is around 0.9, correction factors are almost one-tenth of what they are in the case of a

random walk. Furthermore, this di�erence is clearly non-linear. When  is around 0.95, correction

factors are about one-fourth of what they are when  = 1.

This key role for shock persistence in determining the importance of precautionary saving has

been noted before (see, e.g., Skinner, 1988). It follows from the high sensitivity of wealth uncertainty

to the degree of persistence in shocks, particularly in the neighborhood of a random walk.

Example 6.3 (Precautionary Saving and Financial Assets) Figure 6.2 shows the correction

factors �BU and �IU for levels of initial �nancial assets F0 and the parameters of the baseline

example. We have scaled F0 by initial production, so it ranges from -4 to 4.

As expected, �nancial assets accumulation makes less important precautionary saving. Because

a larger portion of future consumption is secure when a country has more �nancial assets, precau-

tionary saving decreases with F0. In the example at hand, the correction factors drop by almost one

third when �nancial assets increase from zero to four years of income. A similar pattern arises if

one assumes that  = 0:9, although in this case correction factors are considerably smaller.

Example 6.4 (Precautionary Saving and Resource Duration) Figure 6.3 shows the correc-

tion factors �BU and �IU for di�erent time horizons for resource exhaustion and the parameters

of the baseline example. T varies from 5 to 105.

The results show that the correction factors increase quickly with T to stabilize around T = 40.

The opposite happens if  = 0:9 (case not reported). The intuition for the result is the following.

Given an extraction rate, a longer duration represents a higher initial reserve level of the resource.

This, in turn, represents higher total wealth, and less initial �nancial assets relative to total wealth.

Thus, a longer duration produces an e�ect that is similar to having less �nancial assets. When

 < 1, a longer duration has two e�ects. One the one hand, it produces the same e�ect of reducing

the share of �nancial assets in total wealth. On the other hand, because  < 1, income that is very

far in the future is almost secure income, having the same e�ect of a higher F0. Figure 6.4 shows

the correction factors for di�erent T assuming the \intermediate" case  = 0:99. In this case the

correction factors increase with T between 10 and 20-25 and decrease thereafter.

In deriving precautionary saving correction factors we have so far assumed that there is only one

source of income, namely oil production. A more realistic representation of oil exporting countries

should incorporate natural gas extraction. In order to do so we assume that the price of gas is linear
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in the price of oil, that the price of oil follows a geometric random walk, and that both natural

resources have their particular and known extraction path. In Proposition B.4 in the Appendix we

derive expressions for the correction factors in this case. Based on these expressions one can show

that having a second income source related to oil prices produces relatively minor changes in the

correction factors.

6.2 Adjustment Costs

When adjustment costs are present, optimal consumption may not be equal to frictionless optimal

consumption. Adjusting per capita government expenditures may have welfare consequences that go

beyond those captured by standard utility functions. A drastic reduction in government expenditure

may lead to political instability, discouraging investment and reducing future growth. A sudden

increase in government expenditure may deteriorate the quality of management of government

projects because of the lack of adequate supervision. It may also increase the costs of new projects

because of bottlenecks in the supply of some inputs. In this section we analyze the e�ects of a

speci�c form of adjustment costs, namely quadratic costs.

6.2.1 Quadratic Adjustment Costs

In order to derive practical implications from the existence of adjustment costs we study an ap-

proximation to the standard consumption problem (without income uncertainty) augmented with

quadratic adjustment costs. In particular, assume that the problem with adjustment costs is rep-

resented by the following problem:

max
ct

X
t�0

�
t(1 + n)t

(
c
1��
t

1� �
� k(lt � lt�1)

2
;

)
(30)

subject to the budget constraint X
t�0

R
�t
Ct =W0; (31)

where lt is the log of the optimal level of per capita consumption in period t and k captures the

importance of adjustment costs. Asymmetric adjustment costs can be incorporated by considering

two possible values for k, one for consumption reductions (k�) and one for consumption increases

(k+).

Proposition C.1 in the Appendix shows that this problem can be approximated by solving

min
lt

X
t�0

~�t
h
(lt � l

�)2 + ~k(lt � lt�1)
2
i
; (32)

subject to no budget constraint, with

~k =
2k

�[c�]1��
;
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where c� denotes the solution to the problem above when k = 0 (see Proposition A.1) and l� = log c�.

The second term in (32) captures the costs of adjusting while the �rst term corresponds to

the welfare costs associated with deviating from the optimal expenditure level in the absence of

adjustment costs.

As k, the constant ~k can take two values, one for expenditure reductions, ~k�, and another for

expenditure increases, ~k+.

Proposition C.2 in the Appendix shows that there exist constants �� and �
+, both between

zero and one, such that a good approximation for the logarithm of optimal consumption at time 0

incorporating adjustment costs, l0, consists of adjusting partially toward l� � log c�. Thus:

l0 � l�1 = �(l� � l�1);

where � can take two values, one if consumption increases (�+) and another when it decreases

(��). The constants �+ and �� are decreasing functions of ~k+ and ~k�. The fraction of adjustment

prescribed is larger when adjustment costs matter less. The adjustment speed also increases with

�, since larger values of � imply a smaller elasticity of substitution of consumption over time and

therefore a stronger incentive to smooth expenditure.

6.2.2 Eliciting Adjustment Costs

A key parameter in determining the velocity of the adjustment process is the size of adjustment

costs. In Proposition C.3 in the Appendix we show that if a policymaker is indi�erent between

� the adjustment cost associated this period with an increase in per capita expenditure of

100 � sa percent

and

� the welfare improvement, in the absence of adjustment costs, associated with a 100 � sna

percent increase in per capita expenditure

then her value of ~k is given by

~k+ '
2sna

�s2a

:

A similar comparison, with a decrease in per capita expenditure in the �rst statement, leads to

an analogous expression for ~k�.36

It is recommended that the value of sna in the exercise described above be chosen neither too

large (because the approximations involved become less precise) nor too small (because it is harder

to make the comparison that is required). Suggested values are in the range from 0:05 to 0:20.

36The question in the second statement continues being posed in terms of an increase in per-capita expenditure.
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6.2.3 Examples

Example 6.5 (Adjustment Costs) Figure 6.5 shows how � varies with sna when sa is set at

0.20. The remaining parameter values are n = 0, � = 1=1:05 and � = 3. For an sna of 0.04, the

recommended partial adjustment is approximately 70%. For an sna of 0.40, this value falls to 40%.

Partial adjustment rates are almost insensitive to population growth rates. For instance, if

sna = 0:04 in this example, changing the population growth rate from n = 0 to n = 0:04 decreases

the partial adjustment from 70 to 69%. Variations of � within a reasonable range also have a

negligible impact.

Changes in the coeÆcient of risk aversion have a larger impact. Figure 6.6 shows how � varies

with �. Considering � = 1 instead of � = 3 decreases the adjustment coeÆcient from 70 to 50%.

7 Stabilization Funds

A stabilization fund is an asset accumulation account that has the objective of stabilizing a partic-

ular variable such as government spending. For this purpose, stabilization funds have a set of rules

de�ning when income should be saved or spent, raising or decreasing the amount of resources at

the fund correspondingly.

As mentioned in section 2, a correctly de�ned stabilization fund should result in a consumption

(expenditure) pattern closely related to the optimal solution of the problem at hand. The rules

should be such that, in combination with other sources of �scal saving and credit, they implement

the optimal �scal strategy. This puts important restrictions on �scal policy decisions apparently

unrelated to the commodity under consideration (oil and gas in this case). The reason is simple:

if the government undoes what the stabilization recommends, the country will not get the bene-

�ts from the (optimal) �scal strategy. And since money is fungible, the temptation to undo the

restrictions on expenditures imposed by the stabilization fund will often be large. For instance, if

expenditures out of oil wealth are stabilized completely, but �scal expenditures continue to follow

a pattern that is positively correlated with oil prices (e.g., due to procyclical access to �nancing in

the international capital market), there will be no welfare gain from having a fund. The objective,

at the end, is to stabilize expenditure, not a particular form of income. Thus, changes in the

stabilization fund should represent the sum of all government incomes and expenditures, that is,

the overall net �scal asset position.

Stabilization funds in commodity producing countries are usually based on a price contingent

rule: the fund accumulates resources so long as the current commodity price is above certain

threshold and spends if it is below a second threshold. These thresholds are preannounced and

usually follow a simple formula, such as the average of the last x years plus/minus a constant. The

simplicity of this type of fund is very appealing. However it also imposes a very rigid structure
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which often leads to a solution far from optimal.37 Behind this type of rule is the notion that

policymakers are able to distinguish transitory from permanent price shocks. Given the evidence

revisited in section 5, this clearly is a very strong assumption.

There are a few studies that have designed optimal stabilization funds using numerical pro-

cedures and the POIM as the benchmark problem. For example, Arrau and Claessens (1991),

Kletzer, Newbery and Wright (1990), and the collection of papers in Engel and Meller (1993) de-

sign optimal funds under alternative assumptions. However, extending the POIM to incorporate

precautionary motives may have unappealing consequences, since this model ignores the path of

private income, and therefore its correlation with oil income. In deriving the approximation for

precautionary saving presented in this paper we have assumed that this correlation is zero (private

income is constant). This clearly is a strong assumption that should be relaxed in future research.38

To illustrate this point we refer to an example discussed in section 4.2 in which oil and non-oil

income were assumed to be perfectly negatively correlated. The precautionary motive suggests

that the government should, on average, spend less in every period than it would in the certainty-

equivalence case. Yet these additional savings serve no purpose in this case, since there is no

uncertainty in total income. In general, when private sector income is ignored, as in the POIM,

precautionary saving could di�er signi�cantly from what they would be if uncertainty in total

income were considered.

The stabilization fund that follows the set of prescriptions derived in this paper is not di�erent

from an otherwise standard stabilization fund used in several countries. The only key di�erence is

that the set of rules is relatively more complex, which allows for the implicit solution to be closer to

the optimal one. In principle, the stabilization fund in this model corresponds to �nancial assets Ft,

and the set of rules may include intergenerational distribution, budget and income uncertainty and

adjustment costs. Thus, if �scal policy follows the strategy we recommend here, it will implicitly

act as a stabilization fund. Of course, this fund could be explicitly setup, easing transparency

and accountability. The rules for operating the fund will be the counterpart of the proposed �scal

strategy.

One important issue regarding actual implementation of the optimal �scal strategy is the treat-

ment of �scal investment. The model presented here does not include an explicit role for investment

and assumes that all positive NPV projects are developed (probably by the private sector). How-

ever, at the same time, we have excluded any secondary source of credit for the government in

order to obtain the expected results from the proposed �scal strategy. In this setup the results

of the model can be associated to the maximum non-oil sector de�cit that should be �nanced by

37For a criticism of the Chilean Copper Stabilization Fund along these lines see Basch and Engel 1993).
38The CNM is an attempt to incorporate non-oil income into the analysis, but it does so without considering the

e�ects of uncertainty.
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surpluses in the oil sector.39 Furthermore, all saved resources (the stabilization fund itself) are kept

in international liquid assets.

A second interpretation, equally valid from a theoretical perspective, is to consider that what

the �scal sector saves can be denominated either in international or domestic assets. In this

case, Ft will include both external resources and the stock of investment. If money is invested

in pro�table investment projects, marginal projects will yield a risk-adjusted rate of return equal

to the international interest rate. Furthermore, in this case the results of the model should be

thought of as the maximum consumption �nanced with oil revenues (equivalently, the maximum

current non oil �scal de�cit, excluding investment).

It is also possible to design simultaneous stabilization funds, each one representing di�erent

saving motives. For example, following the issues studied in this paper, one could implement an in-

tergenerational distribution fund, a precautionary saving fund, and an adjustment cost fund. Each

fund could obey its speci�c saving rule, facilitating transparency. In general, both the intergener-

ational and precautionary fund will have positive assets, whereas the adjustment cost could have

negative average assets.40

Yet there are important shortcomings of setting up simultaneous funds for this arrangement may

jeopardize the overall �scal strategy. For example, having a large positive amount in a particular

fund and negative in others may generate wrong incentives in the political process.

8 Concluding Remarks

This paper has presented a set of rules for �scal policy in oil producing countries incorporating three

di�erent issues: intergenerational distribution of oil wealth, optimal saving due to precautionary

behavior, and speed of adjustment in the presence of adjustment costs. Instead of using complex

numerical procedures, the paper derives closed-form solutions that approximate the optimal solu-

tion. Although actual optimal policy prescriptions are unknown, numerical procedures are capable

of solving particular problems using intensive computer resources. However, these procedures are

seldom used in practice by policymakers. Our approach has obvious advantages regarding trans-

parency and implementation possibilities. Indeed, the set of prescriptions can be programmed in a

spreadsheet and the results are known in real time.

The proposed prescriptions are calculated as approximations to the optimal solution using as

starting point certainty equivalence, i.e., when the permanent oil income (POI) solution is the

appropriate one, and the assumption that risk will be diversi�ed away one period ahead. The

proposed solutions can be thought of as a set of corrections to the POI solution that brings this

39Excluding oil extraction costs.
40For example, if negative adjustment costs are larger than positive adjustment costs.
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particular result closer to the optimal one. Of course, because they are approximations, they do

not represent the optimal solution itself. Our current research is intended to evaluate how accurate

are these proposed approximations, both the expansion around the certainty equivalence solution

and the assumption of one-period-ahead diversi�cation.

The paper has derived �scal prescriptions both under the assumption that the oil price follows

a geometric random walk process and a AR(1) process (in logs). However, the evidence revisited

and new econometric evidence provided show that the geometric random walk assumption appears

to be a more sensible representation. Yet it should be stressed that the framework we developed

makes use of this assumption only partially. In the proposed setup, budget uncertainty allows us

to include next year expected future price (more precisely, its mean and variance) which could be

di�erent from the actual current price. The random walk assumption is binding only two periods

into the future.

Another important assumption behind the approach followed here to study the e�ects of un-

certainty is that the POIM is an adequate description of the problem faced by the government.

This is equivalent to assume that non-oil income is uncorrelated with oil (and gas) income. Future

research should incorporate the possibility of a non-zero correlation between both types of income.

For simplicity, the proposed �scal strategy was developed assuming an annual frequency, since

we made the implicit assumption that the government could not revise the budget during the budget

year.41 This assumption can be easily relaxed reinterpreting the data frequency conveniently.

Furthermore, without changing frequency, the model could be used during the current �scal year if

new information becomes available and the political process allows for adjustments in the budget.

Yet such an exercise would necessarily have to be of the once-and-for-all type, since recurrent

revisions would modify the model (or, at least, the appropriate data frequency).

Finally, the proposed approach has implicit a stabilization fund which could be explicitly setup

for transparency and accountability purposes. There are two key ingredients for this fund to work

properly. First, it should follow a set of accumulation rules that implement the proposed �scal

strategy. And second, it imposes strong restrictions to other forms of government �nancing so that

what the fund accumulates actually reects changes in the net �scal asset position.

41The are good political economy arguments to maintain this procedure. In particular, there could be important

asymmetries in the way the political process reacts to positive and negative shocks.
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Appendices

A Benchmark and Conditionally Normative Models

Lemma A.1 Maximizing the felicity function

u(cP ; cG) =

 
c
1�
P

1� 
+ k

c
1�
G

1� 

!1=(1�)

subject to the budget constraint cP + cG = c yields

cP =
1

1 + k1=
c and cG =

k
1=

1 + k1=
c:

Moreover, the felicity function, evaluated at the optimum, is given by:

u(cP ; cG) =

 
(1 + k

1=)

1� 

!1=(1�)

c:

Proof Straightforward calculus.

Lemma A.2 Solving the problem

max
cG;t;cP;t

1

1� �

X
t�0

�
t(1 + n)tu

1��
t (33)

subject to the intertemporal budget constraint:X
t�0

R
�t[CG;t + CP;t] =W0

with

ut =

0
@ c

1�
P;t

1� 
+ k

c
1�
G;t

1� 

1
A

1=(1�)

and Cj;t = cj;tNt (j = C;G), Nt = (1 + n)t, is equivalent to solving

max
ct

1

1� �

X
t�0

�
t(1 + n)tc

1��
t

subject to the intertemporal budget constraint:X
t�0

R
�t
Ct =W0

where Ct = CG;t + CP;t, ct = Ct=Nt.
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Proof From Lemma 1, the optimal choices of cP;t and cG;t must satisfy

u(cP;t; cG;t) =

 
(1 + k

1=)

1� 

!1=(1�)

ct:

Substituting this expression for ut in (33) completes the proof.

Proposition A.1 Consider the intertemporal consumption allocation problem

max
ct

1

1� �

X
t�0

�
t(1 + n)tc

1��
t

subject to the intertemporal dynamic budget constraint

Ft+1 = R[Ft + Yt � Ct]; (34)

where Ct = ctNt, Nt = (1 + n)t, Yt = YP;t + YG;t, and N0 = 1. Initial assets (F0) and the complete

future stream of income, Y0; Y1; Y2; ::: are known at time 0.

Then optimal per capita consumption at time 0 is

c0 = (1 � ~�)W0

and the optimal consumption path satis�es

ct+1 = [�R]1=�ct; (35)

Ct+1 = �Ct; (36)

where � = (1 + n)[�R]1=�; ~� = �=R, and

W0 � F0 +
X
s�0

R
�s[YG;s + YP;s]:

Furthermore, the period t current account of this economy is given by

CAt =

�
2�

1

R

�
(Yt �Ct) +

�
1�

1

R

�
Ft: (37)

Proof We �rst derive the slope of the consumption path and then the initial consumption level.

Using Nt = (1 + n)tN0 and Ct = ctNt it is possible to rewrite the objective function as

max
Ct

1

(1� �)N
1��
0

X
t�1

[�(1 + n)�]tC
1��
t :

Using the dynamic budget constraint Ft+1 = R[Ft + Yt � Ct] the problem becomes

max
Ft

1

(1� �)N
1��
0

X
t�0

[�(1 + n)�]t[Ft + Yt �
Ft+1

R
]1��:
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The FOC for Ft is:

[�(1 + n)�]t(1� �)[Ft + Yt �
Ft+1

R
]�� � [�(1 + n)�]t�1(1� �)[Ft�1 + Yt�1 �

Ft

R
]��

1

R
= 0;

which leads to (36). Dividing both sides of (36) by Nt+1 = (1 + n)t+1 yields (35).

The initial consumption level is found substituting the slope of the consumption path in the

budget constraint. Successively replacing �nancial assets Fs in the dynamic budget constraint for

period s and assuming that limt!1R
�t
Ft = 0 (no Ponzi or sustainability condition) one gets the

standard present value budget constraint:

W0 � F0 +
X
s�0

R
�s
Ys =

X
s�0

R
�s
Cs:

Using (34) recursively leads to Ct = �
t
C0, which we substitute in the present value budget constraint

to obtain

W0 =
X
s�0

~�sC0;

which implies that

C0 = c0 = (1� ~�)W0:

Lastly, by de�nition, the current account is the di�erence between income, which equals domestic

production plus interests earned abroad, and expenditures, which equals total consumption. Earned

interest accrues at the end of the period. Thus,

CAt = Yt +
R� 1

R
[Wt + Yt � Ct]� Ct;

which after rearrangement yields (37).

Proposition A.2 Assume that there is no uncertainty, no bequest motive and �R = 1. Also

assume that the solution under the Benchmark Model leaves at least one generation worse o� than

it would be in the absence of oil wealth (and redistributive policies).
42

Then the consumption path

that implements the CNM obtains from the following algorithm:

1. Order the generations according to their utility under the assumption that oil reserves are

zero, that is, that the only source of income is private.
43

In what follows, generation 1 is the

poorest generation, generation 2 the second poorest, and so on.

2. Set k = 1.

42Otherwise the solution to the CNM is equal to the solution to the BM, since the additional constraint imposed

by the CNM is not binding. That is, the solution to the CNM di�ers from that for the BM either if non oil income

of future generations grows without limit, or if oil wealth is not enough to raise every generation's income above the

income of the richest|in the absence of oil wealth|generation.
43Since there is no bequest motive and no uncertainty, there will be no intergenerational saving.
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3. Use oil wealth to raise the income of generation k until it equals that of generation (k+1) or

until it is exhausted, whichever happens �rst.

4. If 3 does not exhaust the oil wealth, increase k by 1 and return to 3. Otherwise, the resulting

distribution of oil wealth solves the CNM.

Proof The algorithm ends because we assumed that the solution to the BM violates the

constraints of the CNM. The remainder of the proof is straightforward.

B Precautionary saving

The following results consider the setup described in section 6.1.1.

Lemma B.1 Denote by c0(�
2
0 ; �

2
v ; F0; �0) the solution for optimal per capita consumption as a

function of initial �nancial assets and parameters characterizing the distribution of future income.

In what follows F0 and �0 remain �xed and are therefore omitted. Assuming c0(�
2
0 ; �

2
v) has contin-

uous second order partial derivatives, we have that

c0(�
2
0 ; �

2
v) = [1��BU ��IU ] c0(0; 0) +O(�4); (38)

with

�BU = �

c
1(0; 0)

c0(0; 0)
�
2
0 ; (39)

�IU = �

c
2(0; 0)

c0(0; 0)
�
2
v : (40)

Where the superscripts denote derivatives with respect to argument j (j = 1; 2), � = max(�v; �0),

and O(�4) denotes a term of order �
4
.

Proof By continuous second order partial derivatives we mean that c110 , c220 and c
12
0 are well

de�ned and continuous. The result then follows from taking a �rst order Taylor expansion of

c0(�
2
0 ; �

2
v) around (0; 0).

Corollary B.1 Assume that an increase in uncertainty (that is, either an increase in �0 or �v)

does not a�ect initial wealth,
44

so that c
CE
0 (�20 ; �

2
v) = c

CE
0 (0; 0), where cCE0 denotes optimal per

capita consumption under certainty equivalence and the arguments are the same as in the preceding

proposition. Then

c0(�
2
0 ; �

2
v) = [1��BU ��IU ] c

CE
0 (�20 ; �

2
v) +O(�4); (41)

with �BU , �IU and O(�4) de�ned above.

44This holds, for example, when the price of oil follows a geometric random walk with drift such that Et[Pt+1] = Pt.
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Proof Trivial.

De�nition B.1 Given a stochastic process Yt, t = 0; 1; 2; ::: for income, we denote

' =
T�1X
t=0

�
t
Yt+1:

Proposition B.1 For any stochastic income process Yt that is identically zero from period T + 1

onwards:

c0(0; 0) =
r � n

RN0

(
F0 + �0 + �E0[']

�����
�v=�0=0

)
: (42)

We also have:

c
1
0(0; 0) =

�
2(r � n)

N0

@E0[']

@�
2
0

�����
�v=�0=0

�

(1 + �)�(r � n)2

2(1 + n)N2
0 c0(0; 0)

@Var0 (Y0 + �E1['])

@�
2
0

�����
�v=�0=0

; (43)

where E0 and Var0 are with respect to the distribution of Y0, assuming �v = 0, and

c
2
0(0; 0) =

�
2(r � n)

N0

@E0[']

@�2v

�����
�v=�0=0

�

(1 + �)�3(r � n)2

2(1 + n)N2
0 c0(0; 0)

@Var0 (E1['])

@�2v

�����
�v=�0=0

; (44)

where E0 and Var0 are with respect to the distribution of P1, conditional on P0 and assuming �0 = 0.

Furthermore, under the additional assumption that certainty equivalent consumption does not

vary with �
2
0 and �

2
v , the �rst terms on the right hand side of (43) and (44) are zero.

45

Proof The derivation of (42) is straightforward. Since the derivations of (43) and (44) are

similar, we only provide the latter. We may assume �0 = 0 for this derivation and proceed in the

following 3 steps:

1. Since all income uncertainty is diversi�ed in period 1, per capita consumption thereafter

remains constant; we denote it by �c(�2v).
46 This allows us to express �c(�2v) as a function of

c0(�
2
v) and E1[']. Based on this expression we �nd E0[c0(�

2
v)] and Var0[c0(�

2
v)].

2. Implicitly di�erentiating (a Taylor expansion of) the standard �rst order condition we obtain

an expression for c20(0; 0) in terms of E0[c0(�
2
v)] and Var[c0(�

2
v)] (and their derivatives).

3. Substituting in 2 the expressions derived in 1 concludes the proof.

45The �rst terms in (43) and (44) capture wealth e�ects associated with changes in �
2
0 and �

2
v, respectively. The

second terms correspond to precautionary saving.
46Dependence on �0 is omitted since it is assumed equal to zero.
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Next we spell out the details. Since all income uncertainty is eliminated in period 1, optimal

consumption at that point in time will be equal to certainty equivalent consumption, so that (42)

implies that

�c(�2v) � c1 =
r � n

RN1
fF1 + E1[']g :

Substituting the budget constraint (34) and rearranging terms leads to:

�c(�2v) =
r � n

1 + n

�
F0 + Y0

N0
� c0(�

2
v) +

1

RN0
E1[']

�
:

It follows that:

�� � E0[�c(�
2
v)] =

r � n

(1 + n)N0

h
F0 + Y0 + �E0[']�N0c0(�

2
v)
i
; (45)

��2 � Var0[�c(�
2
v)] =

(r � n)2

(1 + n)2N2
0

�
2Var0(E1[']): (46)

The usual Euler equation for this problem is:

u
0(c0(�

2
v)) = E0[u

0(�c(�2v))];

which, after taking a second order Taylor expansion on the right hand side around ��(�2v), becomes

u
0(c0(�

2
v)) ' u

0(��(�2v)) +
1

2
u
000(��(�2v))��

2(�2v):

Implicitly di�erentiating the latter (approximate) identity with respect to �2v , evaluating at �
2
v = 0

and noting that ��(0) = c0(0) and ��2(0) = 0 leads to

u
00(c0(0))c

1
0(0) ' u

00(c0(0))��
0(0) +

1

2
u
000(c0(0))

@��2

@�2v

(0); (47)

where ��0 and @��2=@�2v denote the derivatives of �� and ��2 with respect to �2v . Substituting (45)

and (46) in (47) and rearranging terms leads to (44).

Corollary B.2 Under the same assumptions (and notation) of the preceding proposition, in the

case where certainty equivalent consumption does not depend on �
2
0 and �

2
v , we have:

�BU =
1

2
(1 + �)

�(r � n)2

(1 + n)N2
0 c0(0; 0)

2

@Var0 (Y0 + E1['])

@�20

�����
�v=�0=0

�
2
0 ; (48)

�IU =
1

2
(1 + �)

�
3(r � n)2

(1 + n)N2
0 c0(0; 0)

2

@Var0 (Y0 + E1['])

@�2v

�����
�v=�0=0

�
2
v : (49)
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Proof Follows directly form (39), (40) and the preceding proposition.

Lemma B.2 Assume that logPt follows a �rst order autoregressive process:

logPt � � =  (logPt�1 � �) + vt; (50)

with �1 <  � 1 and the vt's i.i.d. normal with zero mean and variance �
2
v . Let Qt = Q0(1 + g)t,

t � T and Yt = PtQt.

Then

E1[Pt+1] =

8><
>:
P1 exp[

1
2
�
2
vt] if  = 1,

P1 exp
h
(1�  

t)(�� log(P1)) +
1
2
�
2
v
1� 2t

1� 2

i
if  < 1.

We also have

E1['] =

8>>><
>>>:
Y1

1�[�(1+g) exp 1

2
�2v]

T

1�[�(1+g) exp 1

2
�2v]

if  = 1,

Y1
PT�1
t=0 [�(1 + g)]t exp

h
(1�  

t)(�� log(P1)) +
1
2
�
2
v
1� 2t

1� 2

i
if  < 1.

(51)

Proof Applying (50) recursively leads to

log(Pt+1)� � =  
t(log(P1)� �) +  

t�1
v2 +  

t�2
v3 + : : : + vt+1:

Taking exponentials on both sides and then expectations, and using the assumption of independent

v's, leads to

E1[Pt+1] = exp[�(1�  
t) +  

t log(P1)]�
t
i=1E[exp( 

t�i
vi+1)]

Using the well known expression for the moment generating function of a normal distribution,

evaluating the resulting geometric sums and rearranging terms completes the the derivation of

E1[Pt+1]. Deriving the expressions for E1['] now is straightforward.

Lemma B.3 Let v be a Normal random variable with zero mean and variance �
2
and de�ne

w =
Pn
i=1 ci exp[aiv], where the ci's and ai's are constants. Then:

@Var[w]

@�2

�����
�2=0

=

"
nX
i=1

ciai

#2
: (52)

Proof Using the moment generating function of a Normal random variable we obtain

E[w] =
X
i

ci exp

�
1

2
a
2
i �

2

�
;

E[w2] =
X
i

c
2
i exp[2a

2
i �

2] + 2
X
i<j

cicj exp

�
1

2
(ai + aj)

2
�
2

�
:
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It follows that

Var[w] =
X
i

c
2
i

�
e
2a2i �

2

� e
a2i �

2
�
+ 2

X
i<j

cicj

�
e
1

2
(ai+aj)

2�2
� e

1

2
(a2i+a

2
j )�

2
�
:

Di�erentiating the above expression with respect to �2 and evaluating at �2 = 0 leads to (52).

Proposition B.2 Assume that the logarithm of the price process follows follows a �rst order au-

toregressive process:

logPt � � =  (logPt�1 � �) + vt;

with the vt's i.i.d. normal with mean �v and variance �
2
v . We ignore the income e�ect associated

with changes in �0 and �v. The remainder of the setup is the same as in section 6.1.1.

Then, if  = 1 the correction factors are given by:

�BU =
1

2
(1 + �)

R

(1 + n)

�
1 +

1� �(1 + g)

1� �T+1(1 + g)T+1

�
F0

�0

���2
CV

2
0 ; (53)

�IU =
1

2
(1 + �)

�(1 + g)2

(1 + n)

(
1� f�(1 + g)gT

[1� �(1 + g)]F0
�0

+ 1� f�(1 + g)gT+1

)2

�
2
v ; (54)

where CV0 = �0=�0.

If  < 1 the correction factors are given by:

�BU '

1

2
(1 + �)

R

(1 + n)

8<
:

PT
s=0[� (1 + g)]s exp[(1�  

s)(�� log�P;0)]
F0
�0

+
PT
s=0[�(1 + g)]s exp[(1�  s)(�� log�P;0)]

9=
;

2

CV
2
0 ; (55)

�IU '

1

2
(1 + �)

R

(1 + n) 2

8<
:

PT
t=1[� (1 + g)]t exp[(1�  

t)(�� log�P;0)]
F0
�0

+
PT
s=0[�(1 + g)]s exp[(1 �  s)(�� log �P;0)]

9=
;

2

�
2
v : (56)

Proof We derive (55), of which (53) is a particular case.47 The derivation of (54) and (56) is analo-

gous. From (49) it follows that to derive (55) ) it suÆces to calculate c0(0; 0) and @Var0 (E1[']) =@�
2
v

evaluated at �20 = �
2
v = 0.

From (42) and a slight modi�cation of (51), evaluated at �0 = �v = 0, we have:

c0(0; 0) =
r � n

RN0

(
F0 + �0 + �0

T�1X
t=0

[�(1 + g)]t+1
e
(1� t+1)(��log(P0))

)

and hence

c0(0; 0) =
r � n

RN0

(
F0 + �0

TX
s=0

[�(1 + g)]se(1� 
s)(��log(P0))

)
: (57)

47Strictly speaking, L'Hopital's rule must be invoked to go from (55) to (53).
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Next we determine @Var0 (E1[']) =@�
2
v evaluated at �2v = 0. Substituting  (log(P0) � �) + v1

for log(P1)� � in (51) leads to

Var0 (E1[']) = (1 + g)2Y 2
0 Var0

"
T�1X
t=0

cte
atv1

#

with

ct = [�(1 + g)]te
(1� t+1)(��log(P0))+

1

2
�2v

1� 2t

1� 2 ;

at =  
t
:

It now follows from (52) that

@Var0 (E1['])

@�2v

�����
�v=�0=0

= (1 + g)2Y 2
0

"
T�1X
t=0

[� (1 + g)]t exp[(1�  
t+1)(�� log�P;0)]

#2
: (58)

Substituting (57) and (58) into (49) and rearranging terms completes the proof.

Proposition B.3 Assume the price of oil follows a geometric random walk with variance of inno-

vations �
2
v and drift such that Et[Pt+1] = Pt.

48
Then the expressions (53) and (54) are also valid

in this case.

Proof Similar to that of the preceding proposition. The main di�erence ins that in this case the

�rst term on the right hand side of (43) and (44) is not being ignored, since it is equal to zero.

Proposition B.4 Consider the setup described in section 6.1.1 with two income sources (oil and

gas), with extraction rates Q
O
t and Q

G
t , respectively. Assume that the price of oil, P

O
t , follows

a geometric random walk with drift such that Et[P
O
t+1] = P

O
t and the price of gas, P

G
t , satis�es

P
G
t = �0 + �1P

O
t . Then

c0(0; 0) =
r � n

RN0

(
F0 +

1� [�(1 + g
O)]T

O+1

1� [�(1 + gO)]
�
O
0 +

1� [�(1 + g
G)]T

G+1

1� [�(1 + gG)]
�
G
0

)
; (59)

where g
O
and g

G
denote the growth rates of oil and gas extraction, T

O
and T

G
the period where

oil and gas reserves are exhausted, and �
O
0 and �

G
0 oil and gas income estimated for year 0.

We also have

@Var0(Y0 + �E1['])

@�
2
0

�����
�v=�0=0

=

(
f
O 1� [�(1 + g

O)]T
O+1

1� �(1 + gO)
+ f

G1� [�(1 + g
G)]T

G+1

1� �(1 + gG)

)2

; (60)

48This assumption, which is equivalent to having a drift equal to � 1

2
�
2
v, ensures that changes in �0 and �v induce

no income e�ects.
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where f
O = Q

O
0 =(Q

O
0 + �1Q

G
0 ), f

G = 1 � f
O
and Var0 is with respect to the distribution of Y0,

assuming �v = 0, and

@Var0(E1['])

@�2v

�����
�v=�0=0

=

(
Q
O
1

1� [�(1 + g
O)]T

O

1� �(1 + gO)
+ �1Q

G
1

1� [�(1 + g
G)]T

G

1� �(1 + gG)

)2

(PO0 )2: (61)

where Var0 is with respect to the distribution of P1 conditional on P0, assuming �0 = 0.

Expressions (60) and (61) can be used to calculate c
1
0(0; 0) and c

2
0(0; 0) so as to apply Corol-

lary B.2 to �nd an approximation for c0(�
2
0 ; �

2
v).

Proof The derivation of (59) is similar to that of (42) because of linearity of the expectations

operator. Since the proofs of (61) and (60) are similar, we only provide the latter.

Linearity of the expectations operator and (51) lead to

Var0(Y0 + �E1[']) =

(
Q
O
0

1� [�(1 + g
O)]T

O+1

1� �(1 + gO)
+ �1Q

G
0

1� [�(1 + g
G)]T

G+1

1� �(1 + gG)

)2

�
2
P;0: (62)

Since

�
2
0 = Var[Y0]

= Var[PO0 Q
O
0 + (�0 + �1P

O
0 )QG0 ]

= Var[PO0 Q
O
0 + �1P

O
0 Q

G
0 ]

= [QO0 + �1Q
G
0 ]

2
�
2
P;0;

the expression obtained in (62) leads to

Var0(Y0 + �E1[']) =

(
f
O 1� [�(1 + g

O)]T
O+1

1� �(1 + gO)
+ f

G1� [�(1 + g
G)]T

G+1

1� �(1 + gG)

)2

�
2
0 : (63)

Di�erentiating the latter identity with respect to �20 yields (60).

C Adjustment Costs

Proposition C.1 Consider the optimal consumption problem with certain income:

max
ct

X
t�0

~�t
h
u(ct)� k(lt � lt�1)

2
i
; (64)

s.t.

X
t�0

�
t
Ct =W0; (65)

where � denotes the subjective discount rate, which is assumed equal to the inverse of the gross

interest rate (R� = 1), population in period t is Nt = (1+n)t, ~� = �(1+n) < 1, Ct denotes period
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t consumption, ct = Ct=Nt, u(c) = c
1��

=(1 � �) for � > 0, � 6= 1 and log c for � = 1, lt = log(ct)

and W0 denotes initial wealth.

Denote by c
�
the solution the problem above when k = 0 (see Proposition A.1) and let l

� = log c�.

Then solving (64) subject to (65) is equivalent to solving

min
lt

X
t�0

~�t
h
(lt � l

�)2 +O((lt � l
�)3) + ~k(lt � lt�1)

2
i
; (66)

subject to no budget constraint, with

~k =
2k

�[c�]1��
: (67)

Proof Taking a second order Taylor expansion around c� for u(ct) in (64) and noting that, due

to the budget constraint (65), the term in the objective function that is linear in ct � c
� adds up

to zero, we have that the problem is (approximately) equivalent to solving

max
ct

X
t�0

~�t
�
1

2
u
00(c�)(ct � c

�)2 � k(lt � lt�1)
2

�
(68)

subject to no budget constraint.

A second order Taylor expansion for exp[lt] around l
� yields:

ct � c
� = e

lt
� e

l�

' c
�(lt � l

�)

�
1 +

1

2
(lt � l

�)

�
;

so that

(ct � c
�)2 ' [c�]2(lt � l

�)2:

Substituting this approximation in (68) leads to (66) and (67).

Proposition C.2 Given values of l�1 and l
�
consider the problem

min
lt

X
t�0

~�t
h
(lt � l

�)2 + ~k(lt � lt�1)
2
i
; (69)

with ~� < 1. De�ne

� =
1� ~k(1� ~�) +

q
1 + 2~k(1 + ~�) + ~k2(1� ~�)2

1 + ~k(1 + ~�) +
q
1 + 2~k(1 + ~�) + ~k2(1� ~�)2

: (70)

Then the optimal logarithm of per capita consumption in period 0, l0, is determined by

l0 � l�1 = �(l� � l�1): (71)

We also have that 0 < � < 1, in fact:

1

~k + 1
� � �

q
1 + 4~k � 1

2~k
: (72)
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Proof This is a well known result, see, for example, Rotemberg (1982) for a considerably more

general case. The lower and upper bounds for � in (72) follow from showing that � is increasing

in ~� and evaluating � at ~� = 0 and ~� = 1.

Corollary C.1 Since there is no income uncertainty, the two preceding propositions can be easily

extended to the case of asymmetric quadratic adjustment costs, so that:

Cost of adjusting from l�1 to l0 =

8><
>:
k
+(lt � lt�1)

2
; if lt > lt�1,

k
�(lt � lt�1)

2
; if lt < lt�1.

Now there will be two values for ~k, ~k+ and ~k�, depending on whether per capita consumption

increases or decreases. Both of them can be obtained from an expression analogous to (67). The

optimal policy continues being of partial adjustment, but the speed of adjustment now depends on

whether per capita consumption increases (�
+
) or decreases (�

�
). Expressions for �

+
and �

�
are

obtained by substituting ~k+ and ~k� in (70).

Proof Straightforward.

Proposition C.3 In the setting of the preceding corollary, being indi�erent between

� the adjustment cost associated this period with an increase in per capita expenditure of 100�sa
percent

and

� the welfare improvement, in the absence of adjustment costs, associated with a 100 � sna

percent increase in per capita expenditure

implies that

~k+ '
2sna

�s2a

: (73)

A similar comparison, with a decrease in per capita expenditure in the �rst statement, leads to an

analogous expression for ~k�.

Proof The welfare loss associated with the �rst statement is equal to ks2a, where we are using

the equivalence result in Proposition C.1.

Let c > c0 denote the two per capita consumption levels mentioned in the second statement,

and l and l0 their logarithms. Then

u(c)� u(c0) ' u
0(c0)(c� c0)

= u
0(c0)

h
e
l
� e

l0
i

' u
0(c0)e

l0(l � l0)

= u
0(c0)c0sna:
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It follows that

ks
2
a ' u

0(c0)c0sna:

Using (67) to substitute ~k for k in the expression above (and, strictly speaking, assuming c0 = c
�)

leads to (73).
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TABLE 5.1

ADF and PP Tests

1957.I{1999.II 1974.I{1999.II 1986.I{1999.II

ADF no trend �1:77 �2:60� �3:42��

ADF with trend �1:69 �3:83�� �3:52���

PP no trend �1:65 �2:56 �3:93���

PP with trend �1:52 �4:57��� �4:25���

Note: *, **, and *** = signi�cant at 10, 5, and 1% respectively.

TABLE 5.2

P-Values Non-Linear Adjustment Test

1957.I{1999.II 1974.I{1999.II 1986.I{1999.II

d = 1 0.12 (1) 0.02 (1) 0.10 (1)

d = 2 0.56 (1) 0.14 (1) 0.19 (2)

d = 3 0.40 (1) 0.40 (1) 0.12 (2)

Note: In parenthesis the value of k that yields white noise.
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TABLE 5.3

One and Two Year Ahead Forecast RMSE

Short sample Long sample

1 year 2 years 1 year 2 years

1 Random walk, no drift 15.6% 20.4% 15.6% 20.4%

2 Random walk, with drift 17.2% 20.3% 16.0% 22.5%

3 ARIMA(2,1,2) 17.0% 21.8% 12.7% 13.3%

4 ARIMA(2,1,2), with dummy 13.8% 16.2% 16.3% 23.6%

5 AR(1) 18.2% 21.6% 25.5% 21.6%

6 BN Decomposition 15.0% 21.0% 17.1% 21.6%

7 Kalman  t RW, no trend 22.7% 34.6% 15.8% 21.2%

8 Kalman  t RW, with trend 39.1% 77.0% 27.7% 48.3%

9 Kalman  t AR, no trend 18.5% 28.1% 16.7% 20.4%

10 Kalman  t AR, with trend 30.7% 61.7% 19.0% 24.5%

11 Kalman �t and Æt AR { { 15.0% 21.0%

12 Kalman  t RW weekly data 23.1% 22.3% { {

13 ESTAR d = 1 18.5% 22.2% 19.9% 21.1%

14 Future Prices 22.0% { 22.0% {

15 Survey Data 14.0% { 14.0% {

Note: Root mean square error of one and two year ahead forecasts of a rolling sample with one year

increment. One year includes 5 forecast points whereas two year includes 4 forecast points. Short sample

refers to 1986.I-1999.II whereas long sample refers to 1974.I-1999.II. Model 11 has problems in converging

in the small sample.
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FIGURE 4.1

Consumption, current account and �nancial assets with constant non-oil production
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Note to Figure 4.1: The �gure shows the optimal paths of normalized consumption (- - -),

normalized �nancial assets (***) and the current account as a fraction of GDP (|) under the

assumptions of the benchmark model.

The following assumptions are made: no population growth (n = 0), R = 1:06, �R = 1,

no initial �nancial assets (W1 = 0), the optimal mix of the public and private goods requires

that the former represent 20% of total consumption, initial oil production, which accrues to the

government, accounts for 80% of GDP, while the remaining 20% is produced by the private sector.

Oil production remains constant (in real terms) for 25 periods, moment at which oil reserves are

exhausted. Production in the non-oil sector remains constant inde�nitely.
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FIGURE 4.2

Consumption, current account, �nancial assets and taxes with increasing non-oil production
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Note to Figure 4.2: The �gure shows the optimal paths of normalized consumption (- - -),

normalized �nancial assets as a fraction of non-oil GDP (***), the current account as a fraction of

GDP (|) and taxes as a fraction of non-oil GDP (� � �) under the assumptions of the benchmark

model. The normalizing constants and the parameters are the same as in Figure 4.1, with the

exception that non-oil production increases at an annual rate of 2%.
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FIGURE 4.3

Optimal Consumption Path for Alternative Models with Increasing Non-Oil GDP
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Note to Figure 4.3: The �gure shows the optimal paths of consumption for the Benchmark

Model (xxx), the Permanent Oil Income Model (- - -) and the Conditionally Normative Model

(|). Parameter values: no population growth; R = 1:04, �R = 1, initial oil wealth: 100; initial

non-oil GDP: 30; non-oil GDP grows 2% per period for 50 periods and then remains constant

forever.
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FIGURE 4.4

Optimal Consumption Path for Alternative Models with Decreasing Non-Oil GDP
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Note to Figure 4.4: The �gure shows the optimal paths of consumption for the Benchmark

Model (xxx), the Permanent Oil Income Model (- - -) and the Conditionally Normative Model

(|). Parameter values: the only di�erence with Figure 4.3 is that non-oil GDP decreases 2% per

period during the �rst 50 periods.
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FIGURE 5.1

Variance Ratio Test: 1957{1998
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Note to Figure 5.1: The �gure shows the results of the Variance Ratio tests for the sample

1957{1998 [solid line (|)]. The dashed lines (- - -) show the results of a Montecarlo exercise (with

1000 replications) assuming that the true process is a geometric random walk and a AR(1) with

autoregressive coeÆcient equal to the sample estimate.
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FIGURE 5.2

Variance Ratio Test: 1974{1998
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Note to Figure 5.2: The �gure shows the results of the of the Variance Ratio tests for the sample

1974{1998 [solid line (|)]. The dash lines (- - -) show the results of a Montecarlo exercise (with

1000 replications) assuming that the true process is a geometric random walk and a AR(1) with

autoregressive coeÆcient equal to the sample estimate.
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FIGURE 6.1

Correction Factors and Shock Persistence
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Note to Figure 6.1: The �gure shows the correction factors �BU (|) and �IU (- - -) for di�erent

autoregressive coeÆcients  . The rest of the parameters correspond to those of example 6.1.
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FIGURE 6.2

Correction Factors and Initial Financial Assets
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Note to Figure 6.2: The �gure shows the correction factors �BU (|) and �IU (- - -) for

di�erent levels of initial �nancial assets (scaled by expected income in the �rst year). The rest of

the parameters correspond to those of example 6.1.
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FIGURE 6.3

Correction Factors and Resource Duration
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Note to Figure 6.3: The �gure shows the correction factors �BU (|) and �IU (- - -) for di�erent

resource duration T . The rest of the parameters correspond to those of example 6.1.
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FIGURE 6.4

Correction Factors and Resource Duration
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Note to Figure 6.4: The �gure shows the correction factors �BU (|) and �IU (- - -) for di�erent

resource duration T and  = 0:99. The rest of the parameters correspond to those of example 6.1.
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FIGURE 6.5

Partial Adjustment CoeÆcient and Adjustment Cost
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Note to Figure 6.5: The �gure shows the partial adjustment coeÆcient for di�erent values of

the adjustment cost (sna) for an adjustment (sa) of 0.20 The rest of the parameters correspond to

those of example 6.5.
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FIGURE 6.6

Partial Adjustment CoeÆcient and Risk Aversion
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Note to Figure 6.6: The �gure shows the partial adjustment coeÆcient for di�erent values of

the coeÆcient of relative risk aversion (�) assuming sna = 0:04 and sa = 0:20. The rest of the

parameters correspond to those of example 6.5.
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